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1. Introduction 



With tlie resurgence of interest recently in three dimensional superconformal field 
theory, due largely to the discovery by Bagger and Lambert of a new superconformal 
A/" = 8 Chern Simons theory and, more recently, by Aharony et a/ of a superconformal 
A/" = 6 Chern-Simons theory, with U{n) x U{n) gauge symmetry, much attention has been 
devoted to uncovering dualities 0,0, investigating integrability 0,1^ and spectra 
etc. One issue that has hitherto perhaps not been explored in very much detail is the rep- 
resentation theory, underlying these theories, for positive energy, unitary representations 
of Osp{J\f\4). This paper is an attempt to address in some detail this issue and focuses on 
the case of even 

For A/" = 4 superconformal symmetry in four dimensions such a detailed study of the 
representation theory []T^ proved fruitful in many ways, e.g. investigating the operator 
product expansion, in terms of conformal partial wave expansions of four point functions, 
see [11], for example, in partially determining the operator spectrum of A/" = 4 super Yang 
Mills. In this context, superconformal characters provide for an alternative and arguably 
more straightforward and powerful way of organising the sometimes detailed multiplet 
structure that arises. They easily lead to the rules for long multiplet decomposition into 
short /semi- short multiplets at unitarity bounds, formulae for decompositions in terms of 
subalgebra representations and indicate how partition functions may be computed for 
decoupled sectors. 

The outline of this paper is as follows. In section 2 the superconformal algebra for 
Osp(2A^|4), i.e. for A/" = 2N, is given in detail. Mainly for the purposes of discussing 
shortening conditions, constructing Verma module characters and finding subalgebras, it 
proves easiest to use the orthonormal basis for the SO{2N) i?-symmetry algebra. Section 
3 gives a brief account of the possible shortening conditions for semi-short representations, 
denoted by (A^, A, n), n = 1, . . . , A^— 1, and (A^, A, ±), and short or BPS representations, 
denoted by (A^, S, n) and (A^, S, ±), as well as for the conserved current multiplet, denoted 
(A^, cons.). Here, highest weight states in the (A^, A, n), respectively (A^, A, ±), {N,B,n), 
{N,B,±), representations are annihilated by n/4N, respectively 1/4, n/2N, 1/2 of the 
supercharges. (Hence, the (A^, B, ±) representations are referred to here as half BPS. For 



A^ = 4, it is well known that there are two types of half BPS representation, see [12], and 



^ Note that there is some overlap in the discussion here with some related issues explored in 
[^ particularly with regard to long multiplet decomposition formulae. Odd Af would require some 
modification of the analysis here particularly with regard to possible short/semi-short multiplets. 
While straightforward, an extension to odd TV is avoided here to ensure notation is not overly 
cumbersome. 
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for a discussion.) 



In section 4 the characters for positive energy, unitary representations of the 
Osp{2N\4) superconformal group are obtained through use of Verma module characters 
and the Weyl symmetriser for the maximal compact subgroup, U{1) ® SU{2) ® SO{2N). 
BPS and conserved conserved current multiplet characters are decomposed in terms of 
50(3, 2) ® SO{2N) characters. The decomposition rules for long multiplets at the unitar- 
ity bounds are found. In particular, they imply that in any M = 2N superconformal field 
theory in three dimensions, operators in all (A^, B^n), n > 1, as well as in (A^, B, ±) and 
certain (A^, B, 1), BPS multiplets must have protected conformal dimensions. 

In section 5, various limits are taken in the characters that lead to non- vanishing 
formulae only for subsets of the characters corresponding to different short /semi- short 
multiplets. These are shown, from appendix A, to match with various Osp{2N\4) sub- 
algebra characters and, in terms of partition functions, isolate different sectors of oper- 
ators.i For the subset being {{N, B,m), m > n, {N, B, +), {N, B, —)} the subalgebra 
is U{1) (g) SO{2N-2m) while for the subsets {(A^,S,±)} there are two U{1) subalge- 
bras. Similarly, for the subset being {{N , A,m), m > n, {N,A,+), (A^, A, — ), {N,BJ), 
I < I < N, {N, S, +), (A^, S, -), (A^, cons.)} where (A^, BJ),l <m, multiplets have partic- 
ular SO{2N) /^-symmetry eigenvalues, the subalgebra is U{1) ® Osp(2A^— 2m|2). Finally, 
for the subsets {(A^,A, ±), iN,B,l), 1 <l < N, {N,B,+), (A^,S,-), (A^,cons.)}, where 
{N,BJ), I < m, (A^, i?,=F) multiplets have particular SO{2N) /^-symmetry eigenvalues, 
there are two U{1) ® SU{1, 1) subalgebras. The limits are shown to be consistent with 
long multiplet decomposition rules and also with the index of 0. 

In section 6, the general free field multi-particle partition function for A/" = 6 super- 
conformal Chern Simons theory is written in detail in terms of superconformal characters 
and, for large n, computed using symmetric polynomial techniques. Also, the correspond- 
ing partition function is given in detail for the supergravity limit. 

In section 7, operator counting for short and certain semishort multiplets is inves- 
tigated using the limits taken in section 5, and other symmetric polynomial techniques, 
described in appendix B, and shown to be consistent with expectations from long multiplet 
decomposition rules. 

In the conclusion, partition functions counting certain protected semi-short operators 
are discussed. Some related comments are made about Af = 4 super Yang Mills, explained 
in more detail in appendix C, where a certain class of chiral ring partition functions are 

^ I thank Troels Harmark for pointing out to me that different sectors, along with the 
SU (2) X SU (2) one, were also briefly considered in Q , for Af = 6 superconformal Chern Simons 
theory. 
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computed using the Polya enumeration theorem. 



2. The Superconformal Algebra in Three Dimensions 

In d dimensions, the standard non-zero commutators of the conformal group SO{d, 2) 
are given by, for rjab = diag.(— 1, 1, . . . , 1), a, 6 = 0, 1, . . . , (i — 1, 

[Mab, Pc] = KVacPb - VbcPa) , [Mab, K^] = iiVacKb - VbcKa) , 

[M„b, Med] = iiVac Mm ~ Vbc Mad - Vad Mbc + Vbd Mac) , (2.1) 
[D, Pa] = Pa , [D, Ka] = -Ka , [i^a, Pb] = -2iMab + 2r]abD , 

where the generators of translations are Pa, those of special conformal transformations are 
Ka, those of SO{d — 1, 1) are Mab = —M^a while that of scale transformations is D. 

For later application it is convenient to write the 5']?(4, R)/Z2 — 5*0(3, 2) algebra for 
three dimensions in the spinor basis so that for,i 

Pc.0 = hnc.0Pa, K"'' = irr^Ka, M„^ = f(7«7^)/M„,, (2.2) 

the algebra (|2.1|) becomes, 

[Mj, P^s] = 5/ Pa5 + 5/ - 6 J P^s , 

[M„^, M/] = M/ + 5/ Mj , [D, = , [D, i^"^] = , 
P^s] = 4 5(7^" Ms/) + 4 55)^ D. 



(2.3) 



For supercharges and their superconformal extensions the non-zero (anti-) commutators 
are given by, 

{QroL, Qsp} — 25rs PolP , {Sj. , Sg^} = 25^5 K ^ , 

[Mct^ , Qr'y] = Sj^ Qrct 2^<^^ Qrf , [Mct^ , Sr'^] = 6ct'^ Sr^ -f- 2^0/^ Sr"^ , (2-4) 



\D , Qrct] 2 ^'"Cf 5 [-^5 ] ' 

[Rrs, Qta] = ^(^rt Qsa ~ ^st Qrct) , [Rrs, Sf ] = i{Srt Sg — Sgt Sr ) , 



^ The conventions used here for the gamma matrices are that 7° = 1, 7^ = ai, = (J3, 
in terms of PauH matrices (Ti,(J3, so that 7" are real, symmetric matrices. We take (7")"^ = 
e"^ {-f'')js£^'^ where = -e^" , e^^ = 1, e^^e^* = -Soto's/ + 5j5p^. We thus have 7^7'' + 
^b-a ^^ab^^-a^b^-b^a ^^'ibi^and the completeuess relation (7")c./3(7a)^^ = So.'' + 5j 5p 
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along with 

{Q™, = 2i{Mj5rs - iSj Rrs + Sj 5rs D) , (2.5) 

where the SO{n) i?-symmetry generators Rrs = —Rrs = Rrs^ satisfy 

[-Rrs, Rtu] = i{Srt Rsu — Sst Rru — ^ru Rst + ^ su Rrt) ■ (2-6) 

In order to discuss highest weight states and shortening conditions (|2.6|) is now rewrit- 
ten in terms of generators in the orthonormal basis of SO{2N), which has rank N. In this 
basis, the Cartan subalgebra and raising/lowering operators -E+^/i?"^, m < n, are 
given by, for m^n = 1, . . . , A^,@ 

Hn = R2n-12m -E'mn = -^2771-1 2n-l + ^ -R2m 2n-l ± ^ -R2m-1 2n =F -R2m 2n , 



SO that the non-zero commutators from (12. 61) are, for I = 1, . . . , N 



7 ^ 7 



[Hh E^] = {dim ± dlri)E^ , [Hi, E^^] = {-dim ± din)E^^ , 
[E^tE-l]=A{Hm±H^), (2.8) 
[Er^^ E7u^] = 2i Et,t , [Et^. E-^^] = 2z E^^ , 

where m 7^ n in the last line. 

In this basis a convenient choice for the supercharges and their superconformal exten- 
sions is given by 



Qna — (Q2n-1 a + ^ Q2na^ 5 Qua — (Q2n-1 a " ^ Q2nct 



<Sn" — {^S2n-l" + i 5'2n"^ , <Sn" — ( S2n-l" — i S2n 



(2.9) 



Trivially, from (|2.4| ) 



Qnce] — 2Qna 5 i5„ ] = —^Sn , 



(2.10) 



E^n/Emn correspond to the positive/negative roots em ± en/—em ± e^, m < n, where 
en, em are usual orthonormal vectors. A linearly independent basis for raising/lowering 
operators is {-E^„;+i, i^+t^ -Bj^Ii Af }> " = l,.-.,iV-l, corresponding to the posi- 

tive/negative simple roots. 
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along with identical equations for Qna^'Sn'^ Qna,<Sn°'- The non-zero anti-commutators 
among the supercharges and their superconformal extensions are, 

{Qma, Sj} = 2i{Mj + 5jD - 6jH^) , 

{Qma, S^^} = 2i{Mj + SJD + SjHm) , (2.11) 

lo <? ^1 — A ^ fr++ in 9 ^1 — A — 

where m 7^ n in the last two lines. Finally, under the action of the generators ( |2.7| ) the 
non-zero commutators are 



a 
m 5 



[-^m; Qna] ^mn Qna i [Huii '^n ] ^mn^: 

, Qna] = -[i?+r. Qna] = 2z5z.Q^„ , [i?;;„+,5„"] = -[E+Y , Sr,"] = 2l 5,^S, 
[Ei^ , Qna] = '2i{SlnQma — ^mnQla) , [-E'^^n , '5„"] = 2i{dlnSm" — ^mnSl") , 

[^zt", Qna] = -[EJ:, Qna] = 2z Qn^a , [^z+"' '^n"] = -[^-+ 5,"] = 2z ^z^^^" , 
[-^zt^' Qna] = 2z(5inQma " ^mnQla) , [-^zt^' '^n"] = '^K^ln'Sm'^ — ^mn'Sl"') ■ 

(2.12) 

Suppressing spinor indices, the action of the linearly independent set of lowering op- 
erators on Qn may be expressed by the following diagram. 



Qn 

Qi ^ Q2 Qa > Qn-1 Qn-1 ^ Q3 — > Q2 ^ Qi 

Qn 



2n-i 

^iT E-+ ^ E-+ El 



(2.13) 

Of course, an identical diagram applies to Sn, Sn- (This diagram is helpful later for 
discussing the shortening conditions and the computation of superconformal characters.) 

The spin generators in terms of SU{2) generators may be expressed as follows, 

[M/] = (^^3 ^+ J ^ [J+,J_]=2J3, [J3,^±] = ±^±, (2.14) 



where (Qni, Qn2), (Qni, Qn2), {Sn .Sn ), {5^^,-8^ ) transform as usual spm ^ dou- 

1 _i- 

2' 2. 



blets, each with J3 eigenvalues 
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3. Shortening Conditions for Unitary Multiplets 

For physical applications, we require states with positive real conformal dimensions, 
non-negative half integer spin eigenvalues and in finite dimensional irreducible representa- 
tions of the /^-symmetry group SO{2N). Hence it is sufficient to consider superconformal 
representations defined by highest weight states |A, j, r)'^ '^' with, 

(K"^ 5.^ 5.", J+, i?+±)|A,i,r)^--- = 0, l<m<n<N, 

(A J3, i7^)|A,j,r)^^-- = (A, J, r^)|A,j,r)^-- , (3.1) 

r = (ri,...,rjv), 

where A is the conformal dimension, j G |N is the spin, and with SO{2N) Dynkin labels 
expressed in terms of rj G |Z required to satisfy, 

[n -r2,...,rjv-2 -rN-i,rN-i +rN,rN-i -tn] e , (3.2) 
so that, in particular, ri > r2 > . . . > r^^i > \r]\[\. 

For a representation space with basis V(A;j;r): the states are given by 

V^A-j-r) = \ n (Qna)'^""(an/^)'-''(P^5)'^n^-)''(i?r.^)'''-1A,i,r)h-- I , 

I a, /3, 7, (5^1, 2 I 

V "f^^i 1 < n , TTi , r, s < iV J 

(3.3) 

for Kna,iim(3 G {0, 1} and k^s, K, Krs e N. 
Unitarity requires that ||14|| ,i 

A>("i+^' + l' . (3.4) 

[ri , tor J = U 

The superconformal multiplets may be truncated by various shortening conditions 
which are considered now. For the BPS shortening condition, 

Qna|A,i,r)h-"- =0, a = 1,2, (3.5) 

^ In the basis (|2.3|), ( |2.4D , (p.5[), (|2.6|), all the generators of Osp(2N\A) are hermitian, apart 
from D and Mq.^ which are anti-hermitian. In order to impose the physically necessary unitarity 
conditions arising from a scalar product defined by the two point function for the conformal fields, 
it is sufficient to perform a similarity transformation, see [ p!o| for example, where, in particular, 
D and Ma^ become hermitian so that Ma^ generates 50(3), rather than S0{2, 1), and D has 
real eigenvalues which are required to be positive except for the trivial representation. Of course, 
such a similarity transformation does not affect the shortening conditions derived here. 
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then this leads to the foUowing equations, using ( |2.11| ), 

J±, I)± J3-i/.)|A,j,r)^^-- = 0, l<m<iV, m^n, 

so that, using (|]|), and ( PD , 

A = r„ , n = r2 = . . . = , J = . 

Clearly, (|3D with (|3j) implies that Q^^l A, j, r)^-*- = 0, m < n. 
Imposing the constraint, 

QAr«|A,0,r)h--- = 0, a = 1,2, 

leads to, using ( |2.11|) , 

J±, I)± J3 + i7Ar)|A,i,r)i^-- = 0, l<m<iV, 
so that, using Q, ( pJ^ ) and 

A = -rAT , n = rs = . . . = -rAT , J = . 

We may also consider the semi-short multiplet condition, 

(Qn2-^QnlJ-)|A,i,r)^---=0, 

whereby applying Si'^ and using (|2.11| ) we obtain, 

D-Js-H^-^J+J-)\A,j,v)''--- = 0, l<m<N, 
so that, using (|]|), and ( PD , 

A = + i + 1 , ri = r2 = . . . = . 



We may also consider, 

(QiV2-^QiviJ-)|A,i,r)'^- = 



whereby applying Si and using (|2.11| ) then 



D-Js + Hn- J-)|A, j,r)^^--- = , 1 < m < iV^ 



so that, using ( CT) and 

A = -rAf + i + 1 , ri = r2 = . . . = -r^v • 



(3.16) 



Imposing both, 

{Qn2 - ^QmJ-) |A,i,r)^-"- = 0, (Qats - ^QmJ-)|A, j,r)^^--- =0, (3.17) 
leads to a conservation condition on the highest weight state, using ( |2.11|) , 

((2j - 1) (2j P22 - 2 P12 J-) + Pii J-') I A, J, r)h--- = , (3.18) 
and also to, using (|3.13|) , for n = A^, and ( |3.16|) , 

A=j + 1, r = 0. (3.19) 

It is easy to see that imposing BPS or semi-shortening conditions, other than the 
above, using other Qna, n ^ N , leads to violations of ( pl^) , implying that corresponding 
multiplets are non-unitary. These are not considered here. 

For the truncated supermultiplets M., the Verma modules V(A;j;r) ~^ ^(A j r) S^^" 
erated by a subset of the generators in (|3.3|) so that it is sufficient to set some K^a, ^^m|3^ k^s 
to zero. 

Using the information encapsulated in ( |2.13| ), then the condition ( p.5| ), for BPS mul- 
tiplets, entails omitting Qjo, j = l,...,n from (|3.3| ), so that Kj^ = 0. Similarly, for 
(p78|), then Kj-q,, Rnq, = 0, j = 1, . . . , A^— 1, while for the semi-shortening conditions, ( |3.11| ), 

= 0, J = 1, . . . , n, and ( |3.14| ), Kj2, kn2 = 0, j = 1, . . . , A^— 1. Corresponding to ( |3.17| ) 
with ( |3.18|) then Kj2, ^Af2 = 0, j = 1, . . . , A^, /C22 = for the multiplet of conserved currents. 
This information along with notation is summarised in the table below. 

Table 1 



Type 


A 


r 


Omitted 


Denoted 


Long 


> ri + j + 1 


ri > . 


. > 


rN\ 


None 


(Ar,A,0) 


Semi- Short 


ri+j + 1 


n = . 




rn 


{Qz2}Li 


(Ar,A,n) 
for n < N 


Semi- Short 


ri+j + 1 


ri = . 




rN 


{Q^2}l^ 


(iV,A+) 


Semi- Short 


ri+j + 1 


ri = . . 






{Qi2, QN2}iLl' 


{N,A,-) 


BPS 


ri 


ri = . 




rn 


{Q.a}r=i 


{N,B,n) 
forn<N 


iBPS 


ri 


n = . 




rN 


{Q^c.}tl 


(iV,S,+) 


iBPS 


ri 


ri = . . 




-rN 


{Qia, QNa}^=i^ 


(iv,s,-) 


cons, current 


J + 1 




= 




{Qi2, Qn2i P22}f=i 


(A^, cons.) 
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4. Superconformal Characters for SO{2N) i?-symmetry 



A procedure for computing conformal characters for higher than two dimensions and 
A/" = 4 superconformal characters for four dimensions has been explained in detail elsewhere 
|jl^,|l6l. The procedure is also closely related to that in for constructing supermultiplets 



by employing the Racah-Speiser algorithm. We proceed by analogy with ||T5| , p!6| . 

Introducing variables s, x, y = (j/i, . . . , i/at), we may write the character corresponding 
to the restricted Verma module, ( ^.31 ) for V(A;j;r) ~^ ^(A j r)' ^ formal trace, 

\ / (A;j;r) 

(4.1) 



s 

X 



where the sum over k^s gives the contributions of P^s and that over ■, K.m/3 gives those 
of Qna, and where. 



C^^ny) = nf=i2//^+^-VA(y + y-^), A(y)= J] (v^-Vj)^ ^^'^^ 

l<i<j<N 

are the Verma module characters for SU{2) and SO{2N), giving contributions from the 
J_, E~J^ generators, and the highest weight state, in (|3.3| ). 

Once the correct generators are omitted from (|3.3| ), so that various Knct, i^mp-i k'jg are 
zero in , the prescription for finding the characters of corresponding unitary irreducible 
representations "^(A j r) simply given by,i 

xtl.,r,r)is,x,j) = T,^^^^J^^^ C(^,^.,){s,x,j), (4.3) 

where W^^^ = 2n'^2 2n5jvi><(52) jg ^^le Weyl symmetriser for the maximal compact sub- 
group of the superconformal group, U{1) x SU{2) x SO{2N). Here ^2 and Sn x (^2)^"^ 
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As discussed in [15, Iq], the action of the Weyl symmetriser on the Verma module character 



corresponds to quotienting out null states in the Verma module, ( p.3| ) for V(A;j;r) — ^ ^(A-j-i)^ t° 



obtain the irreducible module, ( ^.31) for V(A;j:r) ^(A;j; 



7;r) ■ 
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are the Weyl symmetry groups for SU{2) and SO{2N) and, for some functions f{x), 
/(y) = /(yi, . . . , Vn), the action of the relevant Weyl symmetrisers is given by, 

fix) = fix) + fix-'), 

It is important to realise that the resulting characters may be expanded in terms of SU i2) x 
SOi2N) characters using, 

Xjix)=W^^C,ix)= , 

x(^)(y)=2n^--(^^)"-^C(^)(y) 

= (det[|/,'^^-+^-^- + y-^^-''+^] + det - yr^^-^+^'])/2 A(y + y"^) , 

(4.5) 

the usual Weyl character formulae for SUi2) and SOi2N) finite dimensional, irreducible 
representations. 

Defining, 

P(s,x) ^ 



(l-s2)(l-s2x2)(l-s2x-2) ' 

TV n (4.6) 

Qn(y,x)= JJ (l + y,a;), Q„(y, x) = JJ(1 + y.-^a;) , 

then this prescription leads to the following character formulae for the unitary irreducible 
representations, using (|4.1| ) with ( [4.3| ) and with the notation of Table 1, 



^(A;j;ri,...,r-i,r-„+i,...,rjv)^ ' ( A;j ;ri , . . .,r-i ,r„+i ,. . . ,rjv) ^ ' 

A(A;j;r,...,r,±r)*^*'-^'.y^ '-'(r+j + l;i;r,...,r,±r) ^ ^ 

= .2Ap(,^ ^) 2IJ(^) (C2j (x)C(^) (y) 7^(^'^'±) is, X, y) n,=±i Qiv-i («" V, 



(4.7) 



where. 



Qo(sy, a;)Qn(sy, X ') for z = A, 
ne=±i2n(sy, a;^) fori = S, 



-7?(Af,»,±)^ _ j Qoisy:X)il + syN 'x)il + syN^'x ') forz = A, 



(4.8) 
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and appropriate A, j are as given in Table 1. (The conserved current multiplet is discussed 
separately below.) 

Using invariance of n£=±i Qo{sj,x^)Qn{s~^j,x^) under 211*^^) then the long multi- 
plet character is given by, 



This may be expanded in terms of SU(2) x SO{2N) characters using the identities, 



P{S, X) = J V S^^ X2n{x) , (4.10) 



n=0 



along with, for later use. 



nf=i(l + i2/.)(l + i2/r') 



Simplification of BPS Multiplet Characters 

Half BPS characters may be simplified by first writing, easily obtained from ( [4.7| ) 



^(r;0;r,...V,±r)('^'^'y) 

2 M 12) 

= s'^Pis^x) «"^+-+"^x,.,(^) ■ ■ ■x,.,(x)x[fj„^,_„,,...,±,^„^)(y) , 



where, ja = i(l — (—1)") so that 



Jo=i2 = 0, ji = l. (4.13) 
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Some further manipulation shows that (^4.12| ) may be simhfied further to,@ 



^(r;0;r,...,r-,±r)('^' ^' 



E 



,ai + ...+ajv 



(TV) 



-ai,r — a2,...,±r=faN) 



(y) 



where 



0<ai<...<ajv<2 



la\,...,aM 



(4.14) 



(4.15) 



Further simphfications to the half BPS character (|4.14[) occur for r < 2. For r = 1 



then, 



^(l;0;l',..^,l,±l)'-'^'^'^) 



A(i^Q){s,x) X(i'i^-i^±i)(y) +^(|,i)(s,x) X(fJ_i^o)(y) +^(2,o)(s,a^) X(r^-i,^i)(y) 

(4.16) 



+ En=o^^^i(iv-n)(s,2;) x[fJoiv-„)(y) , 



where, 



^(A,j) = S^^X2i(x)P(s,x) 



V,=s 



2j+2 



(4.17) 



are the characters for unitary irreducible representations of the conformal group in three 
dimensions, 5'0(3,2), - see also [|15| - whereby A(^A,j) corresponds to an unconstrained 
spin j field, conformal dimension A > j = 1, while corresponds to a conserved current 
with spin j, conformal dimension j + 1, including all their conformal descendants (or 
derivatives acting on fields). 

Similarly, for r = ^ then, 

x!i.'(fl^^ 1 ±i^(«'2;,y) = pRac(s,x)x5i^ i ±i)(y) + ^^Di(s, x)x[f ^ i ^i^(y) (4-18) 



Another consistency check is for A'^ = 4, or 50(8) i?-symmetry, whereby this formula 
leads directly to, 

^(r;0;r,r,r,-r) (■*' y) ~ ^ P{s, x) ( X(^r,r,r,-r) (y) ('^)'^(r,r,r,l-r) (y) ^ ^(r,r,r,2-r) (y) 



+ S\2{x)x\t]r,r-l,l-r)(y) + ^^Xl (a^) X(^,^^,^_ i ,2-r-) (y) + '^''XS (a;)X(^;'^_i,^_i,i_^) (y) 
+ s'^x\t]r,r-2,2-r)(y) + ^'^X2{x)x[t]r-l,r-l,2-r)(y) + Xi{x)X^(f_i^r-l ,r-l,l-r)(y) 
+ S^Xi{x)x[r,r-l,r-2,2-r)iy) + ^^XS (a;) X j^L i i i ,2-.) + x[t]r-2,r-2,2-r)(y) 
+ •s'^X2(x)X(^Li_^_i_^_2,2-r)(y) + ^'^Xl{x)x[t-l,r-2,r-2,2-r)iy) + •S*X(^L2,r-2,r-2,2-r) 



.(4) 



which corresponds exactly to the graviton spectrum derived in [17|. 
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where, 



S + S"^ ^ , . s'^(x + X 



T-^Raci^-iX) , 2 2^/1 2 — 2^ ' T-^Dii^iX) , „ 2\/i o — 2^ ' (4.19) 

(1 — — s^x ^) (1 — — s^x ^) 

are characters for the free field representations of S'0(3, 2), the so caUed 'Di', respectively, 
'Rac', singleton representations fl^, corresponding to a free spin |, respectively, scalar, 
field with conformal dimension 1, respectively, |, and all its descendants. 

Finally, from ( [4.14| ) it may be shown that, 

xSS,':U(^'^'y) = l' (4.20) 
the character for the identity representation. 

For other BPS characters, from ( [4.7| ), we may write, similarly to ( [4.12| ) with ( [4.13|) , 

'^(ri;0;ri,r-i,...,ri,r„+i,...,rjv) ^ ' ' ' 
2 

ai,...,aj^ _Q 

^ X(ri-ai,...,r-i-a„,r„+i+a„+i-a„+i,...,rjv+ajv — aiv)^'^) ' 

and, similarly to ( [4.14| ) with ( [1.15|) , using that ri = r2 = . . . = r^, 

'^(ri;0;ri,r-i,...,ri,r„+i,...,rjv)\ ' ' ' 



X 



0<ai<...<a„<2 °:n+i'---'°-N 



^ '^(7"i-ai,---,?'i-a™,''„+i+a„+i— a„+i,...,riv+aiv-ajv) (•^-' ' 

(4.22) 

where, 

ja„...,a„ = - (-1)"^ - • • • - (-1)"") • (4-23) 

Without further restrictions on r^, or s, x, y, there appear to be no further simplifications 
to (^71^ . 

The Conserved Current Multiplet Character 

The conserved current multiplet (which has been excluded so far from the above 
discussion) corresponding to the semi-shortening condition ( p.l7|) , has character, 

= s2^+2p(., x)$m(^) (C2, (x)Cr^ (y) (1 - .2^-2) Qo (sy, x) Q^(.- V, ^) ^ 

(4.24) 
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which ensures that the contributions from the supercharges 2^2, = 1, ■ ■ ■ , N, along 
with P22 are omitted from the Verma module character (|4.1|). 



To simplify, it is useful to observe that Qo{sy, x)Qn{s ^y, x) is invariant under action 
by 22J<SivK(52)~-^ and, further, that W^'"^^^^^'''' Co{y)QN-iiy,t) = 1 so that 

X(ST;;;o?...,o)(«'^'y) = 

iV-l 
n=0 

+ V^^i^{s,x) (x|fj)(y) + xjfi-i _i)(y)) , 

(4.25) 

using ( [4.11| ), to expand in x, and subsequently the expression for the conserved current 
character in ( [4.17| ). 

Long Multiplet Decompositions 

Using linearity of QU^^) we may easily obtain, for j > ^, ri > r2, 

v^^'^*^^^^ (s X vl 

(4.26) 

which expresses the reducibility of a long multiplet with A = ri+j'+l into a sum of semi- 
short multiplets. 

For semi-short multiplet characters it may be shown that, for ri = r2 = . . . = > 
r^+i, r > 0,i 



"v ' ^ is X vl —— "y ' is X vl 

'^(T'l+j + l;j>l,---,''i,r„+i,...,r-iv)^ ' ^ ' ^(ri+j+l;j;ri,...,ri,r„4.i,...,riv) ^ ' ' ' 

(Af,A,l) / ^ ^ (Af,A,±) , X 

^(r+j + l,j,r-,...,r,±r) V'^' ~ ^(r+j + l,j,r,...,r,±r) V'^' " 



(4.27) 



This employs, 

{N,A,1) 



'^('"i+i+i;i;''i:---,'"i,'"Ti+ii---i'rjv)^ ' 

along with the identity x^^^(y) = (-l)''"'xr^^(y), t/) S 5w x {82)^'^, where r"' = u;(r + p) - p, 
with 1(7 G K (^2)^^^, the Weyl group, and p = (A^— 1, A^— 2, ... ,0), being the Weyl vector. 

In particular, x\rl...,r^,r^+i,...,ri^)iy) = ^^ich implies x[A'5vi,...,'-i,'-i+i,...,'-iv) ^' = °- 
(A'', ^, ±) cases may be found similarly. 
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Similarly, for the conserved current multiplet character, 

^:-L.,o, y) = ^:l.,o) (-^ y) • (4-28) 

In order to avoid ambiguity, it is assumed in what follows that > r^+i, for {N,A,n) 
semishort multiplet characters, unless otherwise stated. 



From ( |4.2ei| ) with ( [4 .271 ) and ( ^.281 ), then we have, for j > ^, ri > r^+i, n < N, 



v^^'^^^*^^ (s X v^ 

^('~i+j + l;j;ri,ri,...,ri,r„+i,...,rjv) ^ ' ' ' 

^ {N,A,n) / x (A^,^,!) / \ 

(4.29) 

along with, for r > 0, 



^(r+j + l;j;r,...,r,±r)('^' y) 
= x[r+jU]j-,r,...,r,±r)(^^^^y) +^[r^+j + ^-J-l-r+l,r,...,r,±r)^^'^^^^ ' 



(4.30) 



(4.32) 



and, 

X(f;Sl..,o)(«'^'y) = X(f;i^^^^^^^^^ (4.31) 

It is also easily seen that, 

(^lH~2"i "2'' -^v"'' Jv / 

= ^(ri + l;0;ri + l,r2,...,riv)('^' ^' y) 

using W^^C-i{x) = 0, 2n'52xC_i(x) = W^^Co{x) = 1, so that, for ri > ra, 

= ^(ri + l;0;r-i,r2,...,riv)('^'^'y) ^(ri'+2;0;ri+2,r2 , . . .,r-jv) (■^' ^' y) ' 

(4.33) 

which expresses the reducibility of a long multiplet with A = ri+1 into a sum of a (A^, 5,1) 
BPS and a semi-short multiplet. 

Thus, from (|4.33| ) with (|4.27[ ) and ( [4.28| ), we have, for n = > r^+i, 

^(ri + l;o!ri,...,ri,r„+i,...,riv)('^'^'y) ^^^^ 
^ ^(ri + l;0;ri,...,ri,r„+i,...,rjv)('^'^'y) + ^(ri +2;0;ri +2,ri ,. . . .n ,r-„+i , . . .,rAr ) (■^' ^' y) ' 
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along with, for r > 0, 



^(r+l;ofr,...,r,±r)('^' ^' 
~ ^(r+l;0;r,...,r,±r)('^' ~^ ^(r+2;0;r+2,r,...,r,±r) ('^' y) 

and, 

(Af,long) / N _ (Ar,cons.) . n (Af,B,l) 



(4.35) 



X(1;0;0,...,0) ^' y) = X(i;0;0,...,0)(^' ^' y) + X(2;0;2,0,...,0) ^' y) • (4-36) 



( WM) . dUD, (lOoD , ( ra ), ( ra ), (iH), (H), (HD appear to exhaust aU possi 



bihties for long multiplet decompositions (and are also consistent with limits, as discussed 
in section 5) and have important consequences for any super conformal field theory in three 
dimensions. In particular, they imply that all {N,B,±) and {N,B,n), N > n > 1, short 
multiplet operators as well as certain (A^, S, 1) short multiplet operators in 'R-(^ri+i,r2,...,rN)^ 
fi > ^2 5 SO{2N) /^-symmetry representations must remain protected against gaining 
anomalous dimensions. The decomposition formulae ( [4.26| ), ( |4.33| ) have essentially ap- 
peared in 1^ where also comments about the protectedness of certain operators in three 
dimensional superconformal field theories were made. (Note that all the decomposition 
formulae here are consequences of the basic formula ( [4.26| ) . This is not surprising as a sim- 
ilar thing happens for decomposition formulae of long multiplets for Af — 4 superconformal 
symmetry in four dimensions |15|j.) 



5. Reduction to Subalgebra Characters 

Here are described certain limits that can be taken in the previous BPS and semi- 
short multiplet characters that isolate contributions from fewer states in each multiplet 
and hence lead to significant simplifications. These limits are equivalent to reductions of 
the characters to those for various subgroups of the superconformal group, as explained in 
more detail in appendix A. 

BPS Limits 

The U{1) ® SO{2N-2m) Sector 
By considering, 

X(A;j;r)('^«^^. (5-\)-y,y) 

= Tr^^A. (^2^- yi^i ■ ■ ■ y^^"^ yi^-^+i ■ ■ ■ , 

'""'i ^ (5-1) 

j = {S-'^u)-^{yi,...,ym), n^=i^m = l, y = {ym+i,---,yN), 

'Hm = D — — J2ni=l ^rn 7 = + ^ X]m=l ^rn , 



16 



in the limit 5 — > 0, it is clear that only those states in T^^^.^.j.) for which Hm has zero eigen- 
value contribute. In particular, this applies to the highest weight state in the (A^, B, m) 
BPS multiplet. 

It can be shown that, 

frnxtl,,^{5uKxAS-'u)^,j^ (5.2) 

in terms of U{l)x^ ® SO{2N—2m) characters, for appropriate R, f, see appendix A. 

An identity which is useful for simplifying the limits considered here is the following, 
for r= (ri,r2,...,rAr), 



x[^)(5-*u,y)~5-*(-+-+'--).Ku)xf""^^(y) 



(5.3) 



r = (ri, . . . ,r^) , r = (r^+i, . . . , ta?) , 
giving the leading behaviour as 5 — > 0, where Si{u) is a Schur polynomial,i 

s,{u) = det[ii/^+'^-^]/A(ii) , S(.,...,.)(u) = Ut^u^'^ ■ (5-4) 

Using ( [5.3| ) , we may obtain from ( [4.7| ) that the limit taken in ( [5.1| ) gives the following 
U{1) SO{2N—2m) characters, for n > m, see appendix A, 

^uimsoi^N-.^)^^^^^ = limxS^^lt)^ (^-^-' (5-^.)-y,y) = .^-xf-^(y) , 

:^)(y 

(5.5) 



t/(l)8)SO(2JV-2m), ^ _ iN,B,±) ..1 ,._2 x _ 2r(N-m) . ^ 

^{T;r,...,r,±r) y) " ]™ ^(r;0;r,...,r,±r) ^^^A^ U)"^y,y) -U X(r,. . . ,r,±T) > ' 



For m = 1, we have in addition to (B.5|) that 



x^'^^-^V-y) = }imxS^S)(*«*.-.*-Vy), (5.6) 



^ The identity (5^) may be obtained by noting that, for small 5, 

c(^)(<5-^u,y) ~ c^r\s-^n) cr^'^Hy) , c=^^(u) = nr=i^^'^^"'"^ 



Here, C^""^ (u) is equivalent to the U (m) Verma module character while 233'^'" is the Weyl 
symmetriser for U{m), acting on li, so that for any /(u) = f{ui,...,Um), 20'^'" (u) = 
So-e<s /('"<t(i)) ■ • • ) 'W(T(m))- Hence, 22J'^™Cj™^ (u) = Sf(u), the U{m) Weyl character. Here also. 
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while other long multiplet characters, for A > ri+j+1, j ^ 0, along with semi-short 
multiplet characters vanish, consistent with ( |4.33| ). Since, in the limit taken in ( |5.2| ), 
long multiplet characters vanish for m > 1, this provides further evidence, apart from long 
multiplet decomposition formulae listed in the previous section, that (A^, S, m), m > 1 BPS 
operators must remain protected in any three dimensional superconformal field theory. 

The U{1) Sectors 

Similarly, by considering, 

= Ttt^^ u^^ x^'^ yi^^ ■ ■■yN^''n , (5.7) 

{A;j;r) ' 

n±=D-j^{Hi + ... + Hn-1 ±Hn), I±=D + j^{Hi + ... + Hn-1 ± Hn) , 

separately in the limit 5 — 0, isolating states for which 7Y± has zero eigenvalues, only the 
corresponding | BPS character is non-zero giving. 



(5.8) 



— u 



Semi-short Limits 

The U{1) ® Osp{2N-2m\2) Sector 
Considering, for y, y as in (|5.1|), 

= TiT^^ (52^- u'^"^ yi^i ■ ■ • y^^- ■ ■ ■ yA.-^^^) , (5.9) 

{A;j;r) 

Jm = D - Js- :^Y.2=lHm, ^m = ^YJ^=lHm, D = D + J3 , 

in the limit 5 — > 0, again, it is clear that only those states in "^(^ j r) which the 
eigenvalue of J'm is zero contribute. 



It can be shown that 



(Os 



(5.10) 



in terms of U{l)ic^ ® Osp{2N—2m\2) characters, for appropriate i, i?. A, see appendix A 
for notation. 
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Similar to above, using ( f4.7| ) with ( p73|) , and also, 



X2,(5-^s^)~5-'^■s^ (5.11) 

giving the leading behaviour as 5 ^ 0, then we have, for semi-short and conserved multiplet 
cases, for n > m and with r as in ([5.3|), 



(t/(l)®Osp(2iV-2m|2),long). , . (N,A,n) i .-l i .._2 . 



^ri+2j+m+l 



(C/(l)®0.p(2JV-2m|2),long). ^ _ ^ (iV,A,±) i .-l i . ._2 s -L x 



^r+2j+m+l 

i_,2 xS.'^iSio^y) He^iintr (1 + ^-.^-1 , 

(t/(l)®Osp(2JV-2m|2),long), . _ , ^cons.) i ._l i , 2 -^ 

X(i;2j+m+i;0,...,o) ■^'y^' ~ i™^(j+i;j;0,...,o)'^^'5 wj™y,yj 

2j+m+l 

(5.12) 

For (A^, B, n) BPS multiplet characters there are a number of cases to consider. For n < m 
we have, for r„ = . . . = ri and r^+i = . . . = = ri-1 > r^+i > . . . > |rAr|, 



(C/(l)(8iOsp(2JV-2m|2),long) / x -,. (Ar,B,n) . i r-l-i /r-2 ^ ^ - -^ 

X(,;;,;+^_^;,) ^^(^.,s,y) = limx;,;.o.,)'(5ss5 s^(5 ^^)™y,y) 

^ri+m— n 



(5.13) 



xr-"^^(y)n.=±intr(i+r^-) 



1 — 

while for n = m, so that ri = . . . = r„ > r„_|_i > . . . > |rAr|, 

= ^ xf -"^Hy) n.=±inf=r(i + y^- s) . 

(5.14) 

For n > m we have, using results from appendix A, 

(!7(l)(g)Osp(2Ar-2m|2),n) . {N,B,n),^^l r-1-1 ^r-2 



u 

(5.15) 
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so that 

{U{l)®Osp{2N-2n,\2),n.)( ^ 
A(ri;ri;f) l^^^^yj 

_ y^ri ^ ^ ^ ^ gai + ...+ajv_™+a„_m+l + ...+ajv_^ 

^ ^ 0<ai<...<a„_m<l ""-"i+i' - '"JV-m _o 

^rt — m + l''-''^iV — rri 

^(ri— ai ,...,ri — a„_m iJ^n + l — , • • v^iv +aiV-m — ajv- m) ^■'^ ' ■ 

(5.16) 

Finally, for the ^ BPS cases, 



/ ^ ^(i — ai,...,i — aN-m-i,±rTaN-m.)^'' '' 



1-S2 

0<ai <. . . <ajv — m < 1 



(5.17) 



In particular, this implies. 



X 



{U{l)(E)Osp{2N-2m\2),±) 



1.1.1 1 _i_ 1 - 



2 I 2 ' 2 2 '-^ 2 ' 

_ 1 



(w, s,y)= lim xlf.'f i+i^('^«''^ ^ss(5 ^w)-y,y) 



(5.18) 



(5.19) 



agreeing with (|4.18| ), in this limit, using (|5.3|) with (|5.4| ) for r = ^. 
For m > 1, we have for long multiplet characters, 

([/(l)€50sp(27V-2m|2),long) . . 
^(ri + l;ri+2j+m+l;r,„+i,...,rAr)^"'' *'.y^ 

= lim xS'^t^il ■ ,(5s^5-is^(rt)^y,y) 
which is in accord with ( [4.26| ) with ( [4.27|) . For m = 1, we have that 

a + ^^ iUimOspi2N-2\2),lons). . ^ ^. ^long) .1 1 1 2 ^ 

[i- -r U)X(^r^ + l;r^+2j+2;r2,...,rN) I"' ^^]^^^X(r^+j + l;j;ri,...,rj^)\'^^ * ' 

(5.20) 

compatible with (f4.26| ). 
The U{1) O SU{1, 1) Sectors 
Similarly, by considering. 



X(X;,;i)('^^^ ^" (^^ ■ • • , (5-^^^)-yiV-l, (5-^t/)*-yiV*') 

{A;j;r) 

J'i = - J3 - ^(^^1 + . . . + ± i^Ar) , /C± = ^(ifi + . . . + Hn-1 ± i^iv) 



(5.21) 
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separately in the limit 5 — 0, we have for the corresponding (A^, A, ±) multiplet character, 

UimSUil,!) , ^ 
/^(r+l;r+2j + l+Ar)^"' ^1 

= u'+' 



1-S2 ' 

(5.22) 

and, for the conserved current character, in either limit in (|5.21j ), 

UimSUil,l)( ^ 

= lim x;f;i7o!...,o)('^^^ '^"'^"^ (^^ • • ■ ' iS-'u)^yN-i. i5-'u)^^m^') (5 23) 

= u 



1-s' 



For (A^, B,n), n < N—1, BPS characters with ~ . . . — ri and r^+i = . . . — tn — ±ri=Fl 
and taking corresponding limit in ( |5.21| ) then, 

uimsu{i,i)( X 

= Ihn xjS.'jH^^^ 5-1^^ (5-2t.)^yi . . . , {5-'u)^m-i, {5-'u)^^m^') (5 24) 
= U ^ 



For the (A^, B, ±) half BPS cases and in the corresponding limit in ( [5 .211 ) we have, 
1 — 

along with, 

2 ' 2 

= hm xf^.o^'r^ . 5-1^^ (5-2«)^yi . . . , (5-2«)^yA,_i, {6-^u)^^m^') 

0^0 V 2 2 2 '+ 2 

_3 
1 S2 
= W2 



1 

(5.26) 

All other characters, apart from the long multiplet one corresponding to ( 4.35 ), in the 
limit (|5.21| ) vanish. 
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The Superconformal Index 



The (single particle) superconformal indices [^,2C] may be computed by taking the 



limit u — s> — 1 in the U{1) ® Osp{2N—2\2) characters above, i.e. for m = 1 in the semi- 
short limits above.0 

In particular, from ( p.20|) , this limit ensures that Osp(2A^|4) long multiplet characters 
vanish, and hence do not contribute in the decomposition of partition functions, in the 
same limit, in terms of Osp{2N\4) characters. Thus, partition functions evaluated in this 
limit receive contributions from protected operators only. It should be noted however that 
the magnitude of the numbers obtained for counting operators by expansion in terms of 
characters, in this limit, provide only a lower bound on the numbers of actual protected 
operators due to the (—1)^ sign in the index, for fermion number F. 



6. Partition Functions for J\f = 6 Superconformal Chern-Simons Theory 

In 0], a class of A/" = 6 superconformal Chern Simons theories, with gauge group 
U{n) X U{n), was proposed. For levels ±/c in the Chern Simons terms, these theories 
admit a dual description in terms of M theory compactified on AdS4 x S'^/Z^. 

Here, the free field partition function of the theory, where the effective 't Hooft cou- 
pling n//c ^ 0, so that /c cxo, in the large n < k limit, is computed using appropriate 
superconformal characters. 

The supergravity partition function, obtained using the duality proposed in [|| in the 
n/k ^ oo limit, for n > k ^ oo, is also computed using appropriate superconformal 
characters. 

Free Field Theory 

For J\f = 6 U{n) x U{n) superconformal Chern-Simons theory the dynamical field 
content consists of scalars 4>i, (p2 and spin half fermions i/'i, "02 belonging to the 'Rac', 
respectively 'Di', representations of 50(3, 2), mentioned after ( [4.19| ). The fields are listed in 
Table 2 showing also their 5*0 (6) /^-symmetry eigenvalues and gauge group representations. 



^° It is easily checked that iov N = 3, m = 1, then ( |5.1^ ) for (n, s, 2/2,2/3) ( — 1, —x, yi, y2) 
matches with the index for fundamental fields computed in section 2 of 
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Table 2 



field 


A 


50(3,2) rep. 


SO{Q) rep. 


[/(n) X rep. 




1 

2 


'Rac' 


V2' 2' 2'' 


(n, n) 


^1 


1 


'Di' 


V 2 ' 2 ' 2' 


(n, n) 


^2 


1 
2 


'Rac' 


V2' 2' 2'' 


(n, n) 


V'2 


1 


'Di' 


(1 1 _1) 
V 2 ' 2 ' 2 / 


(n, n) 



Here the S'0(6) orthonormal basis labels {r,q,p) are related to SU{4) Dynkin labels 

[a, 6, c] by, 

(r, ^ [q+p,r-q,q-p] , (6.1) 
so that ^ [1,0,0], ^ [0,0,1]. 



As may be evident from ( [4.18|) , (pi and respectively (j)2 and ip2, belong to the half 
BPS multiplet (3, S, +), respectively (3,i?,— ). (In both cases, the scalar is the primary 
field of the multiplet.) 



For free field theory, the single particle partition function is given by, 

yfree(s,X,y,U,v) = Tt (s^^X^^^^ ^^Hi ^^//^ ^^^3 ^^Li . . . ^^L„ ^^Mi . . . 



(6.2) 



where the trace is over states corresponding to (j)i,4>2, ipi,ip2 and all their superconformal 
descendants, of the form ( |3.3| ), and s, x, y, u, v are 'fugacities' with Li, . . . , L^, Mi, . . . , Mn 
being usual U (n) x U (n) Cartan subalgebra generators. 

Thus we may write, in terms of characters, 

yfree(s,a;,y,u,v) = /+(s, x, y)pi(u)pi(v"^) + /_(s, x, y)pi(u"^)pi(v) , (6.3) 
defining, for subsequent use, 

n 



, Pj{n ^) =p-j{u) 



(6.4) 



1=1 



so that pi (u)pi (v ^ ) , pi (u ^ )pi (v) correspond to the characters for the (n, n) , respectively, 
(n, n) representations of U{n) x U{n), and where 



/±(s,x,y) = X i.^.i i , i.(s,x,y) 

- (yi 2/2 2/3)^^ (E-=iyj^' + (yi2/2y3)^')2^Rac(s,a:) (6.5) 
+ (2/12/22/3)^' (Ej=i2/j^^ + (2/12/22/3)^^) ^^Di(s,x) , 
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being half BPS characters ( [4.18 ) for SO{6) i?- symmetry. 



The multi-particle partition function, receiving contributions from only gauge invari- 
ant operators, is given by the usual integral over the gauge group, namely, 

Ztl{s,x,y)= ! dMu) / dMv)expfy;-yfree(s^(-ir+V,y^u^v^)y (6.6) 

JU{n) JU{n) ^ 

where the signs on x take account of particle statistics. 

The integral may be evaluated in the large n limit by using a method described in 



|21j] (see also for other applications). We may first expand, 

^free(«'^'y) 



/+A(s,2;,y)/_p(s,x,y) / d//(u) / d//(v)pA(u)pp(u ^)Pp(v)pa(v ^) , ^^'^^ 

TZ ^h?P ~ Ju{n) JU{n) 



in terms of partitions, 

A = (Ai,...,A„...), E,>iiA, = |A|GN 



(6.8) 



where, for g_ = (cri, . . . , a^, . . .), 

% = n ^^--^"^ ' /±-(«'^'y) = n /±(^'' i-^y^'^'.yT' , Mx) = Up^i^V^ ■ 

(6.9) 

Using the orthogonality relation for power symmetric polynomials. 



/ dii{n)px{-u.)pp{u ^) = zxSxp , |A|, \p\<n, 
Ju(n) 



(6.10) 



IU(n) 

then we trivially obtain in the large n limit, 

Zi^lis, X, y) ~ Zfree(s, X, y) = ^ /+ a(s, X, y)/_ a(s, x, y) 

A 

= n E (/+(^^(-l)^+V-,y^)/_(.^(-l)^+ix^y^))'^ 
1^1 1 - /+(s^ (-l)^+ix^y^)/_(s^ (-l)^-+ix^y^-) 

(6.11) 

This result was also derived in by using saddle point methods, in the context of showing 
superconformal index matching. 
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By decomposing the product of half BPS characters 



X, y)/-(s, X, y) = X(?:o;l%o) ^^y) + Yl ^(j+r/;0,o,o) ^' y) ' (6-12) 

j=0 

it is interesting to note that (|6.11D may be obtained by considering a field theory with 
fields in the (3, S, 2) representation and conserved currents transforming in the adjoint 



representation of U{m) for large m. For this theory, using (|6.12 



y(s,x,y,z) = /+(s,x,y)/_(s,x,y)pi(z)pi(z ^) , (6.13) 
so that the corresponding multi-particle partition function is given by, 

Z(s,x,y)= / d^(z)expfV V(s^(-ly+lx^y^u^z^■)y (6.14) 

In the large m limit, it is easily seen that Z(s,x,y) matches with ( [6.111 ). It may be 
interesting to understand this equivalence from a gauge theory or string theory perspective. 

Supergravity Limit 

In the strong coupling limit, large n/Zc, ?t.>/c— >oo, as explained in [|2|, using results 
of ||2^, the single particle states (gravitons) effectively belong to scalar superconformal 
representations with conformal dimensions r and in the 7^(r,r,o) SO{6) representations, for 
r G N, r > 0, so that, in terms of notation here, they belong to (3, B, 2) BPS multiplets. 

Taking account of superconformal descendants, we may thus write for the single par- 
ticle partition function, 

oo 

^sugra(s,X,y) = J] ^(r;^ r^i.O) ^' y) ' (^'l^) 

r=l 

where using (^77|), for W^s^iS2) acting on y = {yi,y2,ys), 
x|';o1;!i,o)(«'^'y) = s''^P{s,x)W^^-^^^^' teo)(y) n (1 + ^2^3X^) n(l + sy-'xn) ■ 

^ e=±l i=l ^ 

(6.16) 

Thus, using the definition of the SO{6) Verma module character ( |4.2| ), for = 3, and 
summing over r in ( |6.15| ) with ( |6.16| ), we may write, 

^ugra('S, X, y) 

= s^P(s x)2n^3K(5.)^ ( ylVU.^^^{l + sysxnUl^{l + syr'xn \ (6.17) 

s^yiy2)Ui<j<k<3iyj ^-Vk ^)(l-2/j1/fc)/ 
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Simplifying the 1S3 part of the action of QU'^^'^'-'^^-' in the latter we end up with the more 
succinct formula, 

^ugral'S? ^1 y) 

= /(s, X, 2/1, 2/2, 2/3) + /(s, ^, ^, 2/3) + /(s, X, ^, 2/2, ^) + /(s, X, 2/1, ^, ^) - 1 , 

(6.18) 

where 

X p. .ns=±i(i+s^yi2/2 2/3^')nLi(i+«?/^^') 

lli<j<A;<3v-'- * yjykjK^ yj yk ) 

We then have the multi-particle (free graviton gas) partition function given by the usual 
plethystic exponential, also taking into account particle statistics. 



^sugra ( S , a; , y ) = exp f ^ - Fsugra ( S^ ( - 1 ) ^ + ^ X-^, 2/1 ^ y 2 ^ 2/3 ^ ) j 



(6.20) 



7. Counting Multi- Trace Gauge Invariant Operators 

The limits in Osp{2N\A) characters discussed in section 5, giving reductions to sub- 
algebra characters, are equivalent to decoupling limits, that isolate sectors of operators in 
partition functions. By taking such limits, for iV = 3, in ( |6.11| ), ( |6.20| ), and decomposing 
in terms of characters in the same limits we are able to count corresponding multi-trace 
gauge invariant operators in the free field, supergravity limits. For free field theory, the 
counting numbers obtained provide an upper bound on the numbers of protected opera- 
tors in the interacting theory, while for the supergravity limit they are expected to count 
actually protected ones. 

For /±(s, X, y) f^{u, y), Fsugra(s, x, y) Y^^^^{u, y), in the BPS limits, where G is 
the corresponding subgroup, and /±(s, x, y) (w, s, y), y"sugra(s, x, y) Y^^g^^{u, s, y), 

in the semi-short limits, where H is the corresponding subgroup, the limits generically 
give, 

/±Ky) = xSi-o'i i ±i)(«'y) ' 

V 2 ' ' 2 ' 2 ' 2 ' 

/± (w, s,y) = xfi^n'.f \ ±l^(w, s,y) , 

>.2'^'2'2'-^2' 

where, for the superconformal characters, 

X(A;j;r) y) ^ X(A;j;r) y) . X(A;j;r) X, j) X(A;j;r) y) . (7-2) 



■^ugra('^' y) ~ X]r-=lX('r'o-r r 0) y) ' 

(7.1) 
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in the same limits. An important point for the corresponding multi-particle partition 
functions is properly taking into account particle statistics which differs in both cases. 
For Zfree(s,a:,y) Z^^^{u,y), ^sugra(s, y) Z^^g^^{u,y), in the BPS limits and 
Zfi.ee(s,x,y) s,y), Zsugra(s,x,y) Zg^gra(w, s,y), in the semishort limits, con- 

sistency requires,ini 

oo ^ 

^f?eeKy)= nT37^p-7)7Gp-7y' 



/ °° 1 

Z^igvaiu, y) = exp f ^T-i; 



oo 

G ( j 
sugraV ' J 

~ .1 

J- 

oo 



/ °° 1 

^s^gTa(«. y) = exp i ^-y,^g,^(w^Q!j-, sVttj-, y^; 



(7.3) 



a,=(-l)i+l 



a, = (-lV + l 



BPS Cases 

The U{1) Sectors 



Corresponding to (|5.8|) we consider the (3, B, +) limit, whereby 



SO that f^^^\u) = u, f'^^^\u) = 0. It is also easily seen that Yi!igrl{u) = in the limit 



(U). Thus, from Q, 

4ie^W=^s^ufclW = l, (7.5) 

SO that, clearly, there are no (3, S, +) BPS gauge invariant operators in the free field 
or supergravity spectrum, apart from the identity operator. The same result applies to 
(3, -B, — ) BPS operators. 

The U{1) O U{1) Sector 



Corresponding to ( |5.5| ) for = 3, m = 2, we have that. 



No signs are necessary for the BPS limits as the x dependence drops out. For the traces in 
(|5.9|), ( p.21| ), as the Jm-, J± eigenvalues are zero for states contributing to subalgebra characters, 
in the limit as 5 ^ 0, then u — > ua, s —>■ s/a introduces a factor of a^'^'^^ in the trace. For a = —1 
this is equivalent to a sign change in the original variable x before the 5^0 hmit is taken. 
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so that f^'''^^^^''^\u, y) = . We also have that, 

oo 

r=l ^ " 

Thus, from ([TBO, 

Thus, expanding over the characters in ([7.6|), 

oo 
r=l 

where 

iV(3-S>2) ^ ^^^^ = 1, 2, 3, 5, ... , r = 1, 2, 3, 4, . . . , (7.10) 



where p{r) is the usual partition number for r. The agreement ( [7.8| ) is expected as (3, S, 2) 
operators are protected due to long multiplet decomposition rules discussed in section 4. 

The U{1) (g) SO{4:) Sector 

Due to ( [1.33|) , we expect disagreement between counting of (3, S, 1) operators in the 
free field and supergravity limits and thus we split the discussion here. Corresponding to 
( ^.5|) for = 3, m = 1, we have that, 

(3.5.1) / ^ U{l)<g,SO{4) I- n 2r / ^ / ^ 

(3.5.2) . x !7(l)®SO(4). X 2r / n / n /'7 11^ 
^(r;0;r,r,p)(^'^+'^-) = X(^;^,p) ''(«,«+,«_)=« Xr+p(w+)Xr-p(W-) , (7.11) 

(3,B,±) / [/(l)(8.SO(4) . X 2r / N 

in terms of SU{2) characters in (g]^), using ^0(4) ~ ^[/(2) ® ^f/(2), so that, for ^0(4) 
characters, 

X(5jp)(yi, ^2) = Xq+p{u+)xq-p{u_) , = , y2 = u+/u- . (7.12) 

We have (^^) = uxiiu±), where Xi(w±) = "Ui + ^^i""*^, so that, from ([7.3|), 
^^(i)«so(4)^ _^ = TT / , (7.13) 
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The numbers of multi-trace (3, S, 1) BPS operators are then determined by expansions 
over the characters using ( [7.1C1| ), 

^free [U,U+,U-) 



r=l r,g,|p|>0 

for which formulae are obtained in appendix B. We may determine for the first few cases, 
for r = 0, 1, 2, 



J. , . . . , 



<5V+i,.,±i) = J2p(^^ - ^^(^+1) = 0, 1, 2, 5, 8 ... , (7.15) 



and 

r j r+1 



4ef(;+2,.,o) = 2 E E^'(^) - E^'^-^') + ^^(^+2) = 2, 5, 12, 23, 44, ... , (7.16) 



i=l fc=0 j=0 

along with. 



j = l /c=0 i=0 

(7.17) 

(S B 1 ) 

Note that generally, from results in appendix B, N^^^^ {r q p) ^ potentially non-zero 
integer only for Ni^;f/^l_^_^^^_^^, r G N, s, t = 0, . . . , [r/2], stj^O. 

(Prom ( |6.1| ), {r,r—s—t,t—s) [r—2s,s+t,r—2t], in terms of SU{4) Dynkin labels.) 

Por the supergravity limit we may determine, 



oo 



1-U 



4 



(7.18) 

SO that, from (ff?^). 



oo ^ 

^suirl''''''^'H«, «-) = TT — ■ (7-19) 

Mffi,.o(i-^w^-«-^^-) 

Again we may expand, 

1 I ^ ^ (3,5,2) , X , ,.(3,B,1) (3,5,1) , x (7.20) 

= l + 2^p(r)x;,.o.,;,o) ^-)+ ^sugra,(r,g,p)X(,;0™)K^+'«-)' 
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to find for the first few cases, using results from appendix B, for r = 0, 1, 2, . . . , 



(3,5,1) 

sugra,(r+l,r,±l) 



(3,5,1) 

free, (r+1, r,±l) 



while, 



N. 



(3,5,1) 



r J 



r+1 



sugra,(r+2,r,0) 

along with. 



J2J2p(^^ - J2p(j^ +p{r+2) = 1, 2, 5, 9, 18, . . . 

j=0 fc=0 j=0 



(7.21) 



(7.22) 



r+2 



iV^^'l^-'V„ , ,,,+2,±2) = E + 2fc) + -^^(^+3) = 2, 4, 10, 17, 32, 



sugra, (r+4. 



j = l fc=0 



(7.23) 



As emphasised, the matching ( [7.21|) is expected from (|4.33|) along with the free field 
restrictions implied for general r, q, p in N^^^^^^"^^ mentioned above. 

The first few numbers of operators may be easily obtained by performing series ex- 
pansions to low orders in u and using the orthogonality relation for SU{2) characters in 
appendix B and are listed in the following table. 
Table 3 



BPS primary operators 


A 


Supergravity limit 


Remaining operators 


1 


"^(1,1,0) 




2 


27^(2,2,0)5 ^(2,0,0) 


^(2,0,0) 


3 


37^(3,3,0), ^(3,2,±1), 27^(3,l,o) 


37^(3,1,0) 


4 


5 7^.(4,4,0), 2 7^(4, 3, + 1), 2 7^(4, 2, ±2), 5 7^(4,2,0) 


"^(4, 2, ±2), 77^(4,2,0) 




^(4,1,±1): 37^.(4,0,0) 


3^(4,1, ±1), 67^(4,0,0) 



BPS primary operators with conformal dimensions A belonging to 5*0(6) represen- 
tations TZ(^r,q,p)j obtained from expansion of partition functions. (For the free 



field case, the extra operators appear in the rightmost column.) 

Note that more generally, as may be easily argued from results in appendix B, 
j\j-{3,B,i) potentially non-vanishing only for N^^'^'^^ _ r E N, s,t = 

0, . . . , [r/2], 7^ 0, consistent with the free field theory result. 

Semi-short Cases 

The U{1) (g) SU{1, 1) Sectors 

In these sectors, where the relevant limits in characters are given by (|5.21 ), for = 3, 
fermion contributions become important in multi-particle partition functions. 
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The surviving characters, for the (A^, A, +) hmit, are given by, 



(3,B ,-) . -X _ (3,B,+) . -X _ W'S'^ 

^(l;0;i,i,-i)'^^' ^> - l_s2^ X(^;0;r,r,r) l^' ~ 1 _ ^2 ' 

As,B,2) . . ^ y_s (3,5,1) . ^ ^ (7.24) 

^(r;0;r,r,r-l)v"'' 1 _ g2 ' ^ (r;0;r,r-l,r-- 1) V 1 _ ^2 ' ^ ^ 

(3,cons.) . ^^£^ (3,A,+) . 

^0 + l;j;0,0,0)^^' '^^ 1-S2' ^(r+j + l;j;r,r,r-) '^^ 1 - ^2 



Thus, dueto/f = f^^'^^'''^'^'\u,s)=uhl/{l-s% 

from O, 

oo ^ 

') = n i + (_iy^,^2,(i_^2,)-2 • (7-25) 



^free (^'■^J 



Expanding in u we find, 

ZUimSUil,!). _ 1 , , + o(u' S^^ 

^free l^' ~ ^ (1 _ ^2)2 ^ (1 _ s'^)^{l - s4)2 ' 



(7.26) 



oo oo 

^Z^ ^^free,(r,j) A(r+j + l;j;r,r,r)l"' *^ 

r-=l i = §-l 

It appears non-trivial to determine -^frte^(V^j) generally, however we may easily deter- 
mine, 

KXitl) = 2[^^' + + 2] = 4,4, 12, 12, ... , i = i, I, f , I , . . . , 
<'4ti-i) = l' - = 2,3,4,..., <^e^(4_^^^pl, n = 1,2,3,.... 

In this limit, the supergravity single particle partition function reduces to, 

nSr^<"'(».5) =x!!;„^ll„,(n,»-) = (7.28) 

so that, from ([773|), 

oo 

which is a reflection of l^ugrl'^'^'^*^^'^'' (w, s) receiving purely fermionic operator contributions 
(it is odd under (m, s) — > — (u, s)). 
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Using the identities, 



j=l n=0 •'■•'■^ = 1^ ^ j=2 ^ m=0 

where Pn{m) is the number of partitions of m into no more that n parts, each part > 2, 
we may write, 

^sugra 1^5 SJ — i-h X(l;0;l, 1,0)1^' ^ ) + ^^sugTa,(r-,j) + j;r,r,r-) I"' '^J ' 

(7.31) 



r=l 



where 



^{3,A,+) _ p 2_ y .7 32) 

sugra,(r,j) fi-ivj i 2 V / 

Using the foregoing we may find relatively simple formulae for at least the first few cases, 

siip-ra.l'l in „• 3 n o J 



sugra,(l,j) |o, j- 1=0 mod 2, 2' 2' 



iv(^'^'+) , = 1, 0, 1, 1, . . . = I [f^: - f! ' \7 ^ ^' J = 3, 4, 5, 6, . . . , 
sugra,(2,j) > 5 , , | [1^ ^ 1] ^ otherwise, ^ ^ > , 



jy(3,A,+) 

sugra, (r, ^r^+r— 1) 



(7.33) 



Assuming that the partition functions in the supergravity limit receive contributions 
from only protected operators then a number of observations from (|7.26|) , (|7.27|) , ( |7.31J ) 
and ( [7.33| ) are evident. 

First, there are no Y^^'n'^^ , s) contributions and one contribution from 

X^^'-o-rl r = 1, both consistent with previous analysis for BPS cases. Second, 



the conserved current contributions in (|7.26[) disappear from the spectrum in the strong 



coupling limit, as happens for A/" = 4 super Yang Mills. Third, there is one scalar (3, A, +) 
semishort primary operator in the SO{Q) representation 7^(2,2,2)5 s^nd its conformal descen- 
dants, contributing in the free field theory limit, due to N^^^^(^\-) = 1 in ( |7.26D , and no 



such contribution in the supergravity limit, from (|7.31|) . In the interacting theory, these 



operators, from the long multiplet decomposition formulae ( [4.35|) , must then pair up with a 



(3, -B, 1) BPS primary operator in the SO{Q) representation 7^(4,2,2) ? and its descendants. 
This is consistent with Table 3 as there is precisely one such remaining (3, S, 1) primary 
operator. (Similarly, the scalar conserved current, and its descendants, contributing to 
( [7.26|) pairs with the single (3, B, 1) BPS primary operator in the SO{Q) representation 
7^(2,0,0); ciiid its descendants, listed in Table 3.) 
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Note that the analysis for (3, A, — ) semishort operators is very similar and gives the 
same result for counting of BPS and conserved current multiplets along with, 

TVf = ivf '^;+) , iV^^'^'T) , = iv(3'^'+) , . (7.34) 

iree,(r,jj tree, (r,jj ' sugra,(r,jj sugra,(r,jj ^ ' 

In particular, again there is one scalar (3, A, — ) primary semishort operator contributing 
in the free field theory limit, absent from the supergravity spectrum, that pairs up with 
a (3, S, 1) BPS primary operator in the 7^(4,2,-2) SO{6) representation, consistent with 
Table 3. 

The U{l)^Osp{2\2) Sector 



In the limit ( |5.9|) , for = 3, m = 2, the non- vanishing characters are, defining 
Q{s,y) = {l + sy){l + sy-^)/{l-s^), 



:>^(r;'S^r!±r)(^'^'2/) = + ^2/^') . K ^, y) = {u sY y'^ Q{s, y) , 

xfrlo-r,i-i,q){u,s,y) = u"" y'^ Q{s , y) , X(5^i"/;o,o,o)(^' ^' 2^) = uf^^^Q{s,y) , 
X(';1'S;,;.,.,±o y) = u^+'r+'^+' y^^ Q{s, y) , 

(7.35) 

Using that j_^*^^)®'^'^P*^^'^)(^t^ y) = {us)^{y^^ + sy^^)/{l — s^) we have, 

oo 

.C/(l)®Osp(2|2) 



fr^^ I ' ' n ^ _ ^j^^ _ (_i)jsj^j)(i _ (-l)JsJy-J){l - s2j)-2 ■ 

(7.36) 

Using the previous results for counting of BPS operators, we may determine, 

oo / oo ^ \ 

wtf'"\^^s,y) = Y,p{r)xf;.^^^^^^^^^ (7.37) 

r=l ^ k=l ^ ' ^ 



for contributions from (3,i?,2) multiplets, using (|7.10|) , and 

wtf^'^\urs.y) 

oo f 

El ,r(3,B,l) (3,5,1) / - ^ j.j-{3,B,l) (3,S,1) / - n 

I ^^free,(r-,r-l,l)^(r;0;r,r-l,l) ^'^^ y) + ^^free,(r,r-l,-l)^(r;0;r,r-l,-l) y> 
r=l ^ 

\ 1 — -us 1 — [u s)^ J 
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(7.38) 



for contributions of (3, S, 1) multiplets, using the form of the corresponding characters in 
( [7.35| ), along with (|7.15| ). Similarly, using the free field results for the U{1) ® SU{1, 1) 
sector in (|7.26|) , we may determine, 

oo _3 

W^free y) = ^ xf/+iu-io,o)iu^ y) = J— y) , (7.39) 

j=o 

for conserved current multiplet contributions and. 



free 

oo oo 



/ . / . ^^free,(rj) A(r-+j+l;j;r,r,±r-)l"'' 



r=l j=5- 
j>0 



n 1 + (-iy(.,±i,2).(i-,2.)-2 - - 1 

(7.40) 

for (3, A, ±) semishort multiplets, evident by using (|7.26| ), ( [7.34|) , and the form of the 

/q 

corresponding characters in ( [7.35|) . We may then determine numbers N^^^^ ^ ^-j of (3, A, 2) 
semishort operators from. 



^^free,(r,j,g) ^(r+j + l;j;r,r,g)v"'' • 



r>l,2j>0 
0<|q|<r 

(7.41) 

Finding general formulae for N^^^^ (r jq) nontrivial, however series expansion of ( [7.41| ), 
using Mathematica, suggests the following results for particular cases, for r = 0, 1, 2, . . ., 

r j r+1 

<'4+i,o,o) = 2 E E^'(^) + Y.P(^) = 4' 21, 40, 71, ... , (7.42) 

j=o fc=o i=o 

along with, 

r+l [f] r+3 

<ee^('|3,o,±2) = 2 E E Kl-(-l)' ) + 2/c) - E^'(^') + ^^(^+4) = 2, 5, 10, 19, 33, ... . 

j=0 k=0 j=0 

(7.43) 

For the U{1) Osp(2|2) sector, the supergravity single particle partition function 
reduces to, 

yuimosm^)^^ ^ y^ ^ (3,B,2) , . ^ z.^(l + .-y)(l + ^y-^) 
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so that, from (fOp, 



This time, we may determine. 



(7.46) 



due to the relevant sector of BPS operators remaining protected and the conserved current 
multiplet operators disappearing from the spectrum, as shown previously. Similarly, using 
the supergravity limit results for the U{1) ® SU{1, 1) sector in ( [7.31|) , we may determine, 

OO CX3 

r=l j = 5-l (7.47) 

n(i + ^^y^^«-^^)-^^^^-iJ, 



for (3, A, ±) semishort multiplets, evident by using also (|7.34|) , and the form of the cor- 

r(3,vl,2) 



responding characters in ( 7.35 ). We may then determine numbers -^^^g^^ of (3, A, 2) 
semishort operators from. 



+ w^h-^^+^iu. s. v) + w^h^-^u. s. v) 

(7.48) 



, V AT^^'^'^) y(^'^'2) (u s v) 

/ ^ sugra,(r,j,g) ^(r+j-|-l;i;r',r,g)^ ' ' W/ ' 



r>l,2j>0 
0<|q|<r 



(3 j4 2) 

Again, general formulae for , ' ' /„ • „^ seem nontrivial to obtain, however using Mathe- 
matica suggests, for particular cases, for r = 0, 1, 2, . . ., 

iV^^'^'^) . = 1 , 7 = 0,1,2,..., (7.49) 

sugra,(l,j,0) 1 J 1 1 1 1 \ J 

and 

^ii,?.+i,o,o) = ililm = 1' 3, 7, 14, 26, ... , (7.50) 

j=0 /c=0 
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along with, 

^!gfa'l+3,o,±2) = E = 0, 0, 1, 2, 5, ... . (7.51) 

j=0 k=0 j=0 

A consistency check is provided by ( 4.34|) which imphes that the unprotected 
scalar (3, A, 2) semishort primary operators in SO{6) representation 7^(r,r,o): respec- 
tively 'JZ(^r,r,±2): ^iud their conformal descendants, counted above, should pair with un- 
protected (3, S, 1) BPS primary operators in the SO{6) representation 7^(r-+2,2,o)5 respec- 
tively 7?.(j._|_2,r,±2)5 and their descendants, counted previously. Using ( [7.16|) , ( |7.22| ), ( |7.42| ) 
and ( fTSOp , along with ( fTTTl ), (^), (^) and (17311) , we find, 

^(3,5,1) _ A^(3,B,1) ^^i3,A,2) _^(S,A,2) ^ \^ \^ ^( 

-'^free,(r+2,r,0) sugra,(r+2,r,0) free,(r,0,0) sugra,(r,0,0) / . / , fV'^ ) ^ 



j=0 k=0 

^(3,5,1) _ ^(3,71,2) _^(3,A,2) 

-'^free,(r+2,r,±2) ^ sugra,(r+2,r,±2) ^*free,(r,0,±2) ^ sugra,(r,0,±2) l ' -"^^J 

r-2 li] 

= EE^'(^(i-(-i)')+2fc), 

j=0 fc=0 

expressing perfect agreement with this expectation. 

The U{l)^Osp{4\2) Sector 

This sector is nontrivial to analyse in similar terms as above, due to necessary and 
nontrivial expansions over SO{4) characters, as done for the U{1) SO{4) sector above, 
so here are simply given formulae for (|7.1j ). Using (|5.15| ), for = 3, m = 1, with ( [7.12|) , 
we have, 

(3,B,2) f - X (!7(l)(g)Osp(2|2),2) , _ x 

_ {USY (w+)^^(w_)^'^(l-fSW+^W_-^)(l-fSM+-^W_'^)(l + SM+-^Zi_-^) 

- T3~^ 2-. (l-W+-2e)(l-W_-2'?) ' 

(7.53) 

so that, with (|]T|), 

fUimosm2)^^^-^^^^^_^ = ^(xi(^.±) + ^-xi(-^)) , 

YU(mosm2)^^^,^^^^^_^ (7.54) 

^ (1 + ^. „^ , , , 
(1- " ^ 



1 {l+us'^u+'^''){l + s{u+U-)~^){l + s{u+/u-)~^) 



( [7.54|) is consistent with ( |6.18| ) in the limit (|5.9|) and the formula in the second line can 
also be shown to be symmetric under exchange of U-, as is necessary. 
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8. Conclusion 



While much progress has been made recently in terms of determining the spectra of 
superconformal field theories, there are many open questions, for instance, for the new 
superconformal Chern Simons theories or = 4 super Yang Mills. 

Focussing on the former, while the spectra of the A/" = 6 superconformal Chern Simons 
theory at zero (effective) 't Hooft coupling and in the large n, k limits has been partially 
addressed here by use of character methods, it may be interesting to investigate operator 
counting for finite n, k. 

For large n, /c, the results here provide extra confirmation of expectations that the 
primary operators dual to Kaluza Klein modes, and multi-traces of these operators, in 
[r, 0, r] SU{4) representations, conformal dimension r, are protected, as argued in another 
way in 0. Also, the counting here implies that these are the only gauge invariant multi- 
trace primary operators in the (3, B, 2) superconformal representation. 

For the (3, B, 1) representations, the only gauge invariant primary operators belong to 
[r— 2s, s-ft, r— 2t], s, t = 0, . . . , [r/2], st ^ 0, SU (4) representations, for which generating 
functions for counting are given in appendix B. Furthermore, in accord with long multiplet 
decomposition rules, counting of (s, t) = (1, 0) and (0, 1) cases shows matching between the 
free field and supergravity limits, providing a consistency check of the character procedure 
used here and further evidence, perhaps, in favour of the duality proposed in 0. 

Turning to semishort cases, conserved current multiplet operators disappear from the 
spectrum in the supergravity limit while the primary operators for (3, A, ±) semishort 
operators, belonging to [2r, 0, 0], [0, 0, 2r] SU (4) representations, have spins j > — 1 in 
the free field limit, while for the supergravity limit, j > ^r^ -fr — 1, a reflection of the very 
simple partition function obtained in ( [7.45|) . 

While only partial counting is obtained here for semishort operators, the numbers of 
primary operators obtained are consistent with the following formula, implied by ( ^4.34| ), 



j\jM _ t\tM _ ;y(3,-B,l) , Ar(3,-B,l) ('8 1 

^"prot, {r,q) iT:ee,{r,q) ^^free,(r+2,r,g) ^^prot,(r+2,r,g) ' v"""^^ 

Where iVp^„t,(.,,): ^f^e, (r,g) denote numbers of corresponding protected/free scalar semi- 
short primary operators, in appropriate 'JZ(r,r,q) SO{6) representations (so that for Ai = 
(3, cons.), then r, g = 0, for Ai = (3, A, ±) then r = ±q 7^ and for A4 = (3, A, 2) then 
r > \q\ > 0) while N^lot,tr+2,r,q)^ ^hee,ir+2,r,q} deuote numbers of protected/free primary 
operators in (3, B, 1) BPS multiplets, in 7l(^r+2,r,q) SO{6) representations. 

Note also that, for free fleld theory in the large n limit, r, q are further restricted 
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to r = 2, g = ±2 for the M. = (3, A, ±) cases and r E N, q = 0, ±2, r > \q\, for the 
M = (3, A, 2) cases. 

imphes that it is possible to compute the partition function corresponding to 
such protected operators using only free field theory and the knowledge of which (3, B, 1) 
BPS operators remain protected. 

In particular this applies to the A/" = 6 Chern Simons theory, having finite n and large 
levels k, in which case allowable r, q in (|8.1|) , deriving from free field theory, may change. 
The generating functions. 



M 

free,(r,g) 
r>0 

-.2) 



y\ ' / J \ free,(r+2,r,(7) prot,(r+2,r,(7) / 



r>0 



may then be determined using the free field partition functions z\^^^^'''^^^^^^'''^^'^\u, s, y), 
'^free'^'^^^'^^'^'^^'' '"'-)' denoting (|6.6| ) evaluated in the relevant H C Os]9(6|4) sector, 
and Z^]^^'^^'^®^^'^^\u, the partition function for protected (3, S, 1) operators eval- 

uated in the U{1)® SO{A) sector.lll (Presumably the latter partition function is equivalent 
to the chiral ring partition function, for finite n.) 

These generating functions may then be used to write, using also ( [4.7| ), ( |4.27| ), ( [4.28| ) 

for = 3, 

Zg(s,X, 1/1,2/2, 2/3) = 5Z^^lt,(r,g)X(^i\;oV,r,9)(^'^'?^l' 2^2,2/3) 

r>0 

=F,(z)-G,(z), 

for the partition function restricted to relevant protected scalar primary operators, and 
their superconformal descendants. 



It is evident from the form of the characters in ( [7.35| ), that, 

in terms of a double contour integral, where the contribution from the identity operator is 
subtracted. (Depending on free field constraints for finite n it may also be necessary to sub- 
ract contributions from other short multiplet representations as well.) Gq{z) may, in princi- 
ple, be computed in terms of a double contour integral similar to that in appendix B, where 
f{n,x,y) = Z^]f^'^^'^^'\u^,x,y) - Z^^T'^^'^'in^ ,x,y) in (B.l). 
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Such partition functions should be consistent with the large n result where, using 
that there are no relevant scalar (3, cons.), (3, A, ±) primary operators in the supergravity 
spectrum and that N^l^;^^) = N^su^t%,o,,) ^^^h (pO), then 



Ho{z) = y iv(3'^'2) ^^^z^ = 17 ^ 

^ Z—^ sugra,(r,0,0) -i _ ii 1 _ 

r=l ^> k=\ ^ 

oo / 2 1 1 \ °° 

H^^iz) = E^sugiIo.±2) = ((1 2) - + - J n I 



(8.4) 

Z2 1 1\ 1 1 ^ 



with other Hq[z) vanishing. 

Turning to A/" = 4 super Yang Mills, with gauge group U{N), there are still many out- 
standing questions regarding operator spectra that perhaps may be more easily answered 
for M = Q super CO nformal Chern Simons theories, due to the latter having fewer decoupled 
sectors, as demonstrated here. One concerns finite counting for protected operators. 
(Addressing this question may help answer the difficult black hole entropy/microstate 
counting problem.) 



Recently, the latter issue received some attention in |]2^, where, among other things, 
the problem of counting certain gauge invariant operators, consisting of products of single 
trace chiral ring operators acted on by derivatives, was considered. (These operators should 
remain protected and certainly enumerating them is interesting and worthwhile.) 

The simpler problem of counting chiral ring operators has been addressed from the 
perspective of computing Hilbert series for the ring of symmetric polynomials in (equiv- 



alently, the latter issue has been investigated from a perhaps more formal perspective in 
||26|| ) whereby the non-trivial part of the computation is in taking account of syzygies (or 
trace identities in terms of matrices). The same difficulty applies to counting operators 
of the sort, referred to above, considered in and perhaps could be circumvented by a 
judicious choice of basis for the operators. 

In appendix C, a more combinatorial approach is described using a natural basis for 
multi-trace operators involving commuting matrices, the simplest sort of chiral ring that 
is relevant for Af — 4 super Yang Mills. The technique involves employing the Polya 
enumeration theorem, applied to counting graph colourings where the relevant graphs, 
in this case, have a particular wreath product group automorphism symmetry. (This is 
similar to the approach used for counting single trace operators, in the large limit, 
for A/" = 4 SYM, [ P7|PB| , where the relevant graphs there were necklaces with cyclic group 
automorphism symmetry.) The result obtained by this approach (equivalent to the Hilbert 
series mentioned above) is naturally expressed in terms of cycle index polynomials for 
the symmetric permutation group. (For alternative polynomial expansions of chiral ring 
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partition functions, useful in the context of asymptotics, see, for example, [pQ].) 

It may be worth trying to find other combinatorial methods of counting chiral ring 
operators more generally, perhaps using known extensions of the Polya enumeration theo- 
rem, taking into account symmetry in colours , for example. In any case, Hilbert series 



appear to have very interesting connections with counting graph colourings that perhaps 
may lead to even other extensions of the Polya enumeration theorem. 
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Appendix A. Osp(2N\4:) Subalgebras 



Corresponding to the shortening conditions (p.5|), (|378|), ( |3.11| ), (|3.14| ), with notation 



as in Table 1, there are subalgebras which are now discussed. The characters for these 
subalgebras lead to the limits considered in section 5. 



Corresponding to (|3.5|) for (A^, i?,m) short multiplets we have, 



Osp{2N\4) D {SU{2\m) O SO{2N-2m)) x U{l)x^ . (A.l) 

The generators of SU (2|m) are Mq,^, Qma, <Sh^, m, n = 1, . . . , m, of section 2, along 
with Hm as in (|5.1|) , and T^n, generators of SU{m) C SO {2m), with, in terms of the 
generators in (p?7|). 



rp - IT - U T -J '^^■^fi ' TO < n 

-J-rhrh — 7 Jin 5 mn — S i t-i — I- ^ ^ , l-'^-^J 



n=l 



SO that Yl'^=i Trnrh = and, for A;, / = 1, . . . , to, 
SU{2\m) has usual algebra with, in particular, 

{ Qrha 5 Sfi 

rhn ^ce Tjnfi Hm) , (A.4) 

and 

[Hrn T Q-mo] = — Qrhct ^ [Hm, <Sn^] = —{^ — :^)Sii^ . (^-5) 

For m = 2, Tim is evidently then a central extension. 



The SO{2N—2m) subgroup in (|A.1|) is generated by Rfs f, s,t,u — 2m+l, . . . , 2A, 

[Rfsj Rtu] = i{Sft-^su ~ Sst Rru ~ Sru R-st + ^su Rft) ■> (^-6) 

while Xm in (15 .11) is an external automorphism with. 



[X^, Qrha] = + ^)Qrha, [Tm^Sf,^] = -(| + . (A.7) 

Corresponding to (|3.5| ) for n = A for (A, S, +) multiplets and, separately, (|3.8| ) for 
(A, S, — ) multiplets we have, 

Osp(2A|4) D SU{2\N) k C/(1)x± ■ (A.8) 
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The generators of SU{2\N) are M„^, Q^^, 5^^, for rh,h = 1, . . . , +, for the 

(A^, B, +) case, and rh, n = 1, . . . , A^— 1, — , for the (A^, B, — ) case, where we define 

Q+a = QNa , Q-a = Qnu , = iSat" , = ^at" , (A. 9) 

along with 7i-|- as in (p.?]), and T^fi, generators of SU{N) given by, for m < N , 



(A.IO) 



2 nm ' 



satisfying the same commutation relation (|A.3| ) for ?fi, n, /c, / = 1, . . . , A^— 1, ±. 

The Qrha, Sfi^ generators satisfy (|A.4| ) for TY^ replaced by 7-^±, as appropriate, and 
?fi, n = 1, . . . , A^— 1, ±, and with, 

[H±, Q^a] = (i - , [7^±, 5/] = -(i - , (A.ll) 

so that for /^-symmetry group 5'0(4), i.e. N = 2, H± is a central extension. 
X± in (|5.7| ) acts and as external automorphism with, 

[X±, Q^a] = (i + , [J±, 5^^] = -(i + . (A.12) 

The expression (|5.2|) may be understood as follows. By taking the limit 5 — 0, only 
(A", B,n), n > m, and (A^, S, ±) BPS multiplets have states, including the highest weight 
state, with zero Hm eigenvalues. Characters for the {SU{2\m) SO{2N—2m)) t< U{l)x^ 
subalgebra, when restricted to these representations, reduce to U{l)x^ (8> SO{2N —2m) 
characters, as these representations are trivial representations of the SU{2\m) subalgebra, 
evident from section 3. 



The limit in (|5.8D may be understood similarly to other BPS cases whereby the char- 
acters reduce in the half BPS cases to U{l)x^ characters. 

Corresponding to (|3.11|) for (A^, A, m) semi-short multiplets we have. 



Osp(2A^|4) D {SU{l\m) ® Osp(2A^-2m|2)) x . (A.13) 

The generators of SU (l|m) are Qm2, 5^^, T'mn, m,h = 1, . . . , m, along with J'm as in 
where SU{l\m) has usual algebra with in particular, 

{Qrh2:Sn'^} = 2i{-Trhfi + SrhnJrn) : (A.14) 
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with 



[J'm, Qm2] = (1 - ^)Qm2 , \Jm. Sf?\ = "(1 " ■ (A.15) 

For 171 = 1, Jm is then a central extension. 

The generators of O sp{2N —2m\2) are 5'p(2,M) ~ SU{1,1) generators Pn, K^^ of 
section 2, along with, l) = + J3 in (|5.9|) satisfying, 

[Ai^ii] = 2Pii, [D,K^^] = -2K^\ [K^\Pii]=AD, (A.16) 

along with Qri, Sg^ , f,s = 2m+l, . . . , 2N, of section 2, and SO{2N — 2m) generators 
as before, satisfying, 

A.17 

Qn] = 2iSr^ , [Pn, 5,^] = -2iQ,^ , 

and 

{Qfi: Qsi} = 25rsPii , {S'^:^, S's^} = 25^si4r^^ , {Qri, Sg^} = 2i 5rgD -\- 2Rfs . 

(A.18) 

In ( |A.13| ), /Cm as in ( p.9[ ), is an outer automorphism with. 



[ATm, Qm2] = ^Qrh2 , [A^m, 5^^] = — ^5^^ , [ICrn, Qfl] = [^m, Sg^] = Q . (A. 19) 

Corresponding to ( p.ll| ) for n = for (A^, A, +) multiplets, and separately, ( |3.14| ) for 
(A^, A, — ) semi-short multiplets we have, 

Osp{2N\A) D {SU{1\N) ® SU{1, 1)) k U{1)k± ■ (A.20) 

The generators of SU {l\N) are Qrh2,Sfi'^, Tjhfi, for m, n = 1, . . . , A^— 1, +, for the (A^, A, -f) 
case, and m, n = 1, . . . , A^— 1, — , for the (A^, A, — ) case, with the definitions (|A.9| ) for a = 2, 
with Trhfi as in ( |A.10| ) and J± as in ( |5.21J ). 



The supercharges satisfy (|A.14| ) with Jm replaced by J7±, as appropriate, and m, fi 
1,...,A^-1,±, with, 



[J±, Qm2] = (1 - ^)Qm2 , [J±, 5^'] = -(1 - j^)^^ , (A.21) 

SO that, for R symmetry group 5*0(2), i.e. N = 1, J7± is a central extension. The SU{1, 1) 
generators are Pn, K^^ and l), as above, satisfying ( |A.16D . Also, /C± as given in ( |5.21D is 
an outer automorphism with, 

[/C±, Qrh2] = ;^Qm2 , [IC±: Sfi'^] = - J^Sfi^ ■ (A. 22) 
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( ^■10|) can be understood similarly to BPS limits. Again by taking the limit S 
0, only those states in relevant semishort multiplets and various BPS multiplets with 
zero J^rn eigenvalue contribute to corresponding characters. Note, however, that for semi- 
short multiplets, the states do not include highest weight states, but some superconformal 
descendants. Such characters, when restricted to the [SU{l\m) ® Osp{2N—2m\2)) k 
C/(1)k;„j subalgebra, reduce to U {l)jc^^Osp{2N—2m\2) characters as these representations 
are trivial representations of the SU{l\m) subalgebra. 

To see the equivalence in terms of Osp(2A^— 2m|2), characters, we may, as in section 2, 
make a change of basis for Qfi, Sg^, Rfs to the orthonormal basis, as in (|2.8| ) and (|2.9| ), to 
{Qmi, Qmi, Sfi^, <Sn^, Hfn, E^^ , E^J, 771, n = 777+1, . . . , A^}, in an obvious way. Denoting 
highest weight states by lA;?)*^'™', where 

(i^i\^,i)|A;r)'^-- =0, (A^^^)|A;r>^-"- = (A, r^) | A; r)'^'-' , (A.23) 

unitarity requires A > r^_|_i. Compatible shortening conditions are given by, for n = 

777+1, . . ., A^, 

Q^i|A;r)^-''- =0 A = rm+i = ... = r^, ^ 

- K - A.24 

Q^i|A;r)h-''- =0 A = rm+i = ... = rN-i = -rN. 

We may follow a similar procedure as for Osp(2A^|4) characters in section 4 to find 
Osp(2A^|2) characters for representations 'R-(^At)- The corresponding characters for irre- 
ducible representations are given by,lii 

{Osp{2N-2m\2),i), x _ rj. (-D- Hm+i . Hn\ 



-A , , (A.25) 

^ 5m'5----('5^)"--^(c^-'")(y)7^«(^,y)^fJ^"'(l+^y^': 



52 ' 



1 - S 

where, corresponding to the action of supercharges on the highest weight state for long 
and short representations 7^(A,f)5 

{(1 + s(7/Ar_^)-^)n^"i"'(l + s^i) , for 7 = long 

(l + «-(2/^-^)-^)nf=";Ti-^(l + «-2/.), for 7 = 77 (A.26) 
(l + s(y,v-m)^'), for7 = ±, 

where for i = long then A > rm,+i, for long multiplets, while for i = n then A = rm+i = 
... = rn> Vfi+i and for z = ± then A = r^+i = . . . = vn-i = ir^. 



Here the maximal compact subgroup is U{1) (8) C/(l) <8> SO{2N—2m) so that the relevant 
Weyl symmetriser, acting on Verma module characters, is W N-m k 2) 
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Appendix B. Character Expansions 

Defining, 



f{u,x,y)= ^ Nrstu''Xs{x)xt{y) , (B.l) 

r,s,t>0 



and using usual the orthogonality relation for SU{2) characters in ( [4 .51 

1 r dz 



— {z-z-'fXs{z)xt{z)=S,t, (B.2) 



47rz / z 

which may be equivalently expressed by, due to Xji^) = Xj{z~^)j 

1 



2TTi 

we have that, 



Xs{z)xt{z){z - z ^)dz = dst, (B.3) 



Nrst = (^2^^)3 / // f^'^'^-^y^'^ ^Xs{x)xt{y){x- X ^)iy-y ^)dudxdy, (B.4) 
where each contour is the relevant unit circle. Using Xs{z) = —X-s-2{z), we have, 

Nrst = -Nr -s-2 t = 'Nrs -t-2 = A^r -.-2 -t-2 ■ (B.5) 

It is convenient below to construct generating functions, 

oo 

Frs{z) ='^Nrr-2sr-2tZ'' , (B.6) 
r=0 

SO that using ( [B.4| ), summing over r and performing the subsequent contour integral over 
u for 1^1 < \xy\, 

Frsiz) = j j (^x^-^V-^'f{zxy, X, y) - x^-^'y-^+^' f{zx/y, x, y) 

- x-^+^V-^'f{zy/x, X, y) + x-'+'''y-^+^' /{z/ (xy), x, y)^ dx dy . 

(B.7) 

Note that for application to the main text, in terms of the notation used below, 

Niree,{r,r-s-t,t-s) = N-p ,r r-2s r-2t ■: -^sugra,(r,r-s-t,t-s) = -^S,r r-2s r-2t • (B.8) 

The Free Field Case 
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For the free field case, due to (|7.13| ) with (|7.14| ), we consider 



fF{u,x,y) = TT — — — - = V NF^rstu''Xs{x)xt{y) , (B.9) 



which may be expanded as, 

fF{u,x,y) = ^u\-^px{x,x~^)px{y,y~^) , (B.IO) 



in terms of power symmetric polynomials p\{z), ( |6.9|) with ( |6.4|) . Using an expansion 
formula for power symmetric polynomials in terms of Schur polynomials, we may expand 
the latter in terms of SU{2) characters via, 

Pxiz,Z-')= Yl ^X^'^'^'hrniz) . (B.ll) 

?rt , rt > 
m-\-2n= I A | 



where ux^'^''^^ are symmetric group characters. Introducing the notation, 

nj>i (p^ ) ^hen it is easily determined from ( p.ll| ) that (other formulae for these charac- 
ters may be found in in but the following is the most useful for purposes here, and is 
perhaps simpler). 



^'-''°^ = 1, c^.d^'-^--) = E ( - ) - E (-)' n = l,...,[|A|/2], (B.12) 



|£|=n |p|=n-l 

(n,m) 



with uj^'^' being otherwise zero. Thus, using (|B.3|) , ( p.4| ) for (p.lO| ) with (|B.11|) 



iVF,r.-2..-2t = 5^ ^A^'^-2^'^W'^-2*'*\ s,t = 0,...,[r/2]. (B.13) 



|A|=r 



Thus, N-p^rr-2sr-2t is a potentially non-zero, non-negative integer only for r, s — 
0,...,[r/2]. 

A useful identity, which may be easily generalised, is the following, namely, for 



then,0 

^ ^ k=l 



r=0 



This may be seen in a simple way by first introducing, h(x, z) = _^ Ff T^~k y so 

i xzJ J. J. 1 z 

that, in a series expansion, h{x, z) = x^^ z^-^ . We then have lima;^i j^-^h{x, z) = gij{z) using 

1 d\ 1 _ z'J 

i! da;* 1 — (1 — a;z-3)*+l 
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The simplest case is for s = t = 0, whereby for (|B.6|) we find, using ( [B.12 ) along with 

(EH), 

oo ^ 



fc=l 



and thus have, giving ( [7.10| ) 



Similarly, for (Q) using (|BT2| ) along with (|BJ5| ), 

2^ - 1 °° 1 

^F,10(^) = ^F,Ol(^) = ^ll(^) - ^00(2) = _ ^ n jTT 



fc=l 



and so, agreeing with (|7.15|) 



r-l 

iVF,rr-2r = iVF,rrr-2 = rirll - p{r) = ^pij) - p{r) 

j=0 



(B.16) 



(B.17) 



(B.18) 



(B.19) 



Similarly, for ([B.6|) using (|B.12|) along with (|B.15| ) 



^F,ii(^) = '^92i{z) - gii{z) + goo{z) 



4z^ -3z + l 



00 ^ 



and so, giving ( |7.16| ) 



NF,rr-2r-2 = 2/1^21 - ?^rll + p{r) 



(B.20) 



(B.21) 



Notice, that by a very similar argument, it may be shown that from ( |B.12|) with ( [B.13| ) 
for t = 0, 



Ff,so{z) = Fp^osiz) 



Pl,...,Ps>0 

enabling determination of NY^rr-2sr-2t for st = 0. 
The Supergravity Case 

In this case we consider, due to ( [7.19|) with ( [7 .201) 

1 



1 °° 1 

t W—— 



(B.22) 



fs{u,x,y) = Yl 



47 



J2 Ns,rstu''Xs{x)xt{y) , (B.23) 



and we use ([B.7| ), ( |B.6| ), to determine generating functions for low s,t. 
For application to (|B.6| ), we have the leading terms, 



fs{zxy,x,y) 
fs{zx/y,x,y) 
fs{zy/x,x,y) 
fs{z/{xy),xy) 



oo ^ 



+ 



k=i 

oo 



n (i-z^Mi 



ii (l_^fc)(l_;2fcy-2) 
oo ^ 



+ . . 



+ ... 



(B.24) 



n 

{1 — z^){l — z'^x ~ z^y '^){l — z^x ^) 



+ . 



where . . . denotes terms that in a series expansion in x, y involve powers x^", y^^, a,b E 
a, 6 7^ 0, —1, that do not contribute below. 



We have, from (|B.24|) 



1 



(27ri)2 
1 

1 



{2ni) 



j) xyfs{zxy,x,y)dx dy = 
y ^k{zx/y,x,y)dx dy = 
-fs{zy/x,x,y)dx dy = 



(B.25) 



(27rz) 



so that for ( p.6| ) we have, from (|B.7|) , 



^8,00(2) = fi'oo(^) 



(B.26) 



agreeing with ( |B.l(j| ). Hence, A^s, rrr = N-p^rrr in ( [B.17| ), leading to the first equation in 



Similarly, using ( [B.24|) and 



fc=i 



- 1 + 
tz^ 1 — z 



+ 0{t'',z^' 



(B.27) 
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we have, 



TTT-^ f <f -fs{zxy,x,y)dxdy = , 
(27rz)^ J J y 

1 

(27rz) 



^ / / f /s (./(xy) , X, y)dx = ^ n ^ 

so that for (^), from (pTTj) , 



(B.28) 



^s,oi(^) = 9ii{z) - goo{z) 



(B.29) 



agreeing with ( p.20| ), so that = N-p,rrr-2 in ( P.21| ). It is easy to show that 

Fs,io{z) = -Fs,oi(^) so that Ns^rr-2r = Thus we have ( [7.21|) . 

Similarly, using (§]23|) with (^^, 



1 



(27rz)2 
1 

(2^ 
1 

(2^ 
1 



i —fsizxy,x,y)dxdy = TT 
J xy j^J-^ 1-2:" 

°° 1 

-fs{zx/y, X, y)dx dy = JJ — - 

^ ^ ^ k=i^ 

/X z °° \ 
-fs{zy/x,x,y)dxdy = TT - — 
y 

xyfsiz/ixy),x,y)dx dy = 



(B.30) 



z z 
+ 



— z^ 

2 \ oo 



so that for {^), from ( P77| ), 



Fs,ii{z) = g2i{z) - gii{z) + goo{z) 



3z^ -3z+l 



(1 - L- Z" 



oo ^ 



(B.31) 



giving, from ( p.l5|) 



r 1 — 2 r — 2 



nr2i - ririi +p{r) 



(B.32) 



leading to (!L2^ . 
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Appendix C. Counting Multi-traces of Commuting Matrices 



In it was shown that a basis for multiple traces of J commuting N x N matrices 
Xk, /c = 1, . . . , J, is provided by, 

n 

TrWi TrW2---TrWAr, = J] F,, , F,, G {X^, A; = 0, . . . , J} , (C.l) 

i=i 

for n — » oo, where Xq = I, the identity matrix, which, of course, also commutes with Xk, 
/c = 1, . . . , J, so that initially we treat it on an equal footing with the other matrices. (|C.1| ) 
is linearly independent up to the action of the automorphism symmetry group described 
below. 

Each Ui has an automorphism symmetry Sn since Ui = YVj=i ^ij = (l^iY = 
Jl"^]^ yicr(j) for every a E (since X^ commute). Hence each TiUi corresponds to a 
graph with Sn symmetry where Yij to corresponds to the j^^ vertex. Here, is taken 
to be the complete graph on n vertices.lil Particular TiUi corresponds to a colouring of the 
vertices of Km in colours Cfc, /c = 0, . . . , J, with the exact value of Yij G {X^, = 0, . . . , J} 
corresponding to the colour of the j^^ vertex. 

TrWi TrU2 ■ ■ - TtUn corresponds to copies of Kn, denoted K^^ . This graph has a 
corresponding automorphism group, in graph theory known as the wreath product group, 
in this case given by the semi-direct product (5^)^ x Sn- For this group, for a = 
(cTi, . . . , (Tat) G [Sn)^ , T G Sn, and defining = (a^-i(i), . . . , a^-i(Ar)), then for (a, r), 
(a', r') G (Sn)^ X Sn, group multiplication is defined by {a,T){a',T') = {aa''^ ,tt'), so 
that, with l(5„)iVK5iv = (l5„,---,l5„,l5iv)' then the inverse {o.t)-^ = ((a"^)^, r'^). 

^ X S.r nn (TTTTl is p-ivpn bv (TrIJ. TrZin ■ ■ ■ Tr7i.rl('^'^) = 



The action of {S^r x on is given by (TrWi TyU2---TyU^ 



Tr{Ur(i)y^ Tr{Ur{2)y^ ■ ■ ■ Tr(Wr(iV))'''^, (^0'"= = 11^=1 Y^a^,iJ), with elements of the basis 
related by such a group transformation being identical. To achieve a linearly independent 
basis it is necessary to divide out by this automorphism symmetry. 

Generically, depending on the graph G, with n vertices, having automorphism group 
symmetry F, the generating function for the number NnQ^...,nj of colourings of the vertices 
of G, in Uk colours Cfc, /c = 0, . . . , J, X]fc=o = may be written as, 

Cr{xo,...,xj)= Yl Nn„...,njXo'''---xj^^ . (C.2) 

no,...,nj>0 
"0 + - ■ ■+" J=" 



This is tlie well known graph where any two vertices are joined by an edge. Kn is used here 
for ihustrative purposes - we could in fact consider any graph with Sn automorphism symmetry, 
for instance the graph complement of Kn, composed of just n vertices, no edges. 
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We may use the Polya enumeration theorem to determine the generating function for 
the number of colourings of K^^ , equivalent to the number of independent multiple trace 
operators, ( |C.1|) , subject to the automorphism symmetry (Sn)^ x Sn, in terms of cycle 
indices for the symmetric permutation group. 

The cycle index for the symmetric permutation group Sn is given by, with the notation 
of section 6, 

and the generating function for the number of colourings of is, by the Polya enumeration 
theorem, 

C5„(xo,Xi,...,Xj) = Z5„(si, . . . , Sn) , Si =Pi(xo, . . , 

1 f dz 1 (C.4) 



2711 J (1 - ZXq) ... (1 - ZXj) ' 

where ]5i(x) = '^'I^qX^' , a power symmetric polynomial. Similarly, for K^^ , with auto- 
morphism group (Sn)^ X i^AT, the generating function for the number of colourings is given 



by, using the Polya enumeration theorem applied to wreath product groups |3C 



C(s^)Ny,SNi^o,xi,...,xj) = Zsj^{si,...,sn), (C.5) 

where 

Si = Zs^isii, . . .,Sni) = Cs„{xo\ . . . , Sji = pj{xo\xi\ . . . . (C.6) 

In order that contributions to lim^^oo Cs„ (xq, Xi, . . . , xj) from finite numbers of Xk, 
/c = 1, . . . , J in Tr not vanish then we must also take xq 1. Following from ( |C.4|) , 

Jim Cs^ (1, XI, ... , xj) = lim(l - s) g s^CsAl, ■ ■ ■ , xj) = _ . . . _ • 

(C.7) 

Thus the generating function for the number of distinct basis elements of the form ( |C1| ) 

as n — s> oo is, 

1 



lim C(5^)iv>,5^(l,xi,...,xj) = Z5^(si,...,s 



N 



(l-Xi^)---(l-Xj^) 



1 f dz 



27Ti J 

1 r dz 



exp y -z Sn 
^-^ n 

n>l 



2Tvi J z^+^ J-J- (1 - 2X1^1 ■■ -xjJ^) ' 

ji,...,jj=0 

(C.8) 

which matches exactly with the chiral ring partition function obtained using the plethystic 
approach . 
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